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PREFACE 


The following pages are intended to give a résumé of 
my own investigations, somewhat after the manner of 
the treatment given in Light Waves and Their Uses, from 
which booklet many of the illustrations are taken, but 
with more attention to the theoretical side, and covering 
a number of investigations in which I have been occupied 
since the appearance of that publication. While much of 
the work is of a nature which involves a general acquaint- 
ance with the method of the calculus, it is hoped that a 
fair idea of the experimental method and results may be 
presented to those who may be interested in the subject, 
but who lack the necessary mathematical equipment. 

In order to give the subject a semblance of con- 
tinuity, it will be desirable to introduce considerable 
matter which will be found in any of the standard works 
on optics—but even here it may be of interest to present 
these investigations from my own point of view and to 
convey my own impressions in such a way as to empha- 
size the ideas of the founders of the science which have 
made the deepest impression on my own mind. 

In the chapter on “Diffraction” I have selected free- 
ly from the scientific papers of Lord Rayleigh. 

I take pleasure in acknowledging the assistance of Dr. 
H. G. Gale, and Dr. Henry Crew, in the reading of the 
proof sheets and of Dr. G. 5. Monk, who re-read the 
proof and also furnished many of the illustrations. 


A. A. MICHELSON 
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CHAPTER I 


JHEORY AND APPLICATIONS OF INTER- 
FERENCE OF LIGHT-WAVES 


To account for the. various phenomena of light, two 
theories have been proposed: the corpuscular and the 
undulatory. The former postulates that light consists of 
trains of corpuscles emitted by the luminous source, all 
traveling with the same enormously great speed, which 
either directly or by reflection enter the eye, where, im- 
pinging on the retina, they cause the sensation of vision. 
The undulatory theory, on the other hand, requires that 
light consist in the propagation of a series of undulations 
in a medium which permeates all space, and ascribes the 
propagation with the same high speed to the properties 
of this medium, the ether. Both theories give correct ex- 
planation of the ordinary phenomena of propagation, 
reflection and refraction; but whereas the undulatory 
theory satisfies all requirements without the necessity 
for accessory hypotheses, this is not the case with the 
corpuscular theory. 

Analogy with known forms of wave motion lead to the 
same preference. Thus in the case of water waves—such 
as occur when the surface of a quiet pond is disturbed by 
the fall of a stone—the circular waves which travel out- 
ward from the center of disturbance can furnish all the 
necessary knowledge of the source. Thus the direction 
and distance may be determined by erecting normals at 
two points of the circular wave front—their intersection 


Ti: 
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will give the direction and distance of the source. If this 
is a periodic disturbance, this character will be impressed 
on the waves, whence the frequency of the source and its 
character may be inferred; and, finally, the magnitude 
(intensity) of the source may be inferred from the height 
of the waves. 

Exactly the same kind of information is conveyed to 
the ear by sound waves in the air; and the same is also 
true of the waves in the earth crust due to an earthquake. 
But this is also the only kind of information the eye re- 
ceives and interprets; that is, concerning the direction, 
distance, intensity, and character of the source. Thus 
analogy would lead to this explanation even if other proof 
were wanting. But in one very important particular the 
two theories give diametrically opposite results, namely, 
that the speed of propaga- 
tion of light-waves should be 
greater in air than in water, 
while that of light-corpuscles 
should be less. 

This may be demonstrat- 
ed as follows. According to 
the latter theory, a light-cor- 
puscle, traveling in the direc- 
tion of the arrow in Figure 1 
and meeting the water sur- 
face ss, is attracted by the 
water particles; which by symmetry will affect only the 
normal component sa leaving the horizontal component 
os unaltered. Accordingly, the resultant direction is 
changed from oa to ob; and if these distances are pro- 
portional to the two velocities, respectively, the figure 


FIG. r 
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shows at once that sin i/sin r =os/oa+os/0b =ob/oa = 
v,/V,=Nn, the index of refraction. But as is greater than 
unity, v2 is greater than v,; that is, the velocity in the 
second medium is greater than in the first. 

The result in the undulatory theory is not quite so 
simply obtained. For this let us anticipate an important 
hypothesis, due to Huyghens, which states that if a wave 
front be given at any time, it may be found at any sub- 
sequent time by considering every point in the former as 
a separate source of disturbance, and constructing the 
spherical wavelets about 
these points with the ra- 
dius corresponding to the 
distance the light would 
- travelin the interval. The 
envelope of the wavelets 
so constructed will be the 
new wave surface. Sup- re 
pose a plane wave ab, 
traveling in the direction of the arrows, meets the water 
surface ac. While the ray at 6 with a velocity »v, travels 
through a distance bc, the ray ad travels through a dis- 
tance ad with the velocity v, and reaches the surface of a 
spherical wavelet of this radius. The new wave front will 
therefore be the plane surface passing through c and tan- 
gent to the sphere. The normal from a to the point of 
tangency will be the new direction. It follows readily 
that z and r are the angles of incidence and of refraction, 
respectively, and that 


Te 1 bc 
sin i/sin r=—_+—=—4=—=n, 
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the index of refraction, which, being greater than unity, 
gives 2; greater than v,; that is, the velocity in the first 
medium is greater than in the second. 

A celebrated experiment, which will be discussed in 
a future chapter, by Fizeau and Foucault, showed that 
the latter result is correct and the former is wrong. Ap- 
parently nothing further could be required to disprove 
the corpuscular theory; and were it not for the recent 
resuscitation of this theory in a modified and much more 
complicated form, it should hardly deserve mention in 
this connection. 

The occasion for such a return to an exploded idea is 
a supposed difficulty brought to light by the theory of 
relativity, according to which, as many of its supporters 
maintain, not only isa medium unnecessary, but it is even 
inconsistent with its fundamental assumptions. But even 
if we admit the difficulty, it is doubtful if this is a valid 
reason for rejecting a theory which has yielded such 
splendid results. For it may well be that these difficulties 
—which, indeed, are not facts but deductions and inter- 
pretations of facts—may ultimately be modified in such 
a way as to explain the apparent inconsistency. 

The particular form of wave motion required for the 
explanation of the phenomena of interference which will 
occupy our attention is not a matter of serious conse- 
quence. Even the direction of the vibrations is immaterial 
—save for a single investigation (on the cause of “metal- 
lic” colors in birds and insects), in which case the phe- 
nomena of polarization result from the transverse char- 
acter of the vibrations; which, indeed, is a necessary 
consequence of the electromagnetic theory of light. Beau- 
tiful as it is, and powerful as a means of accounting for 
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the various phenomena of light, it may be well to point 
out that it is in fact no explanation at all, in the sense of 
reducing the phenomena to more familiar types. Indeed, 
in this respect the elastic solid theory has all the ad- 
vantage. For some sort of medium is required for the 
propagation of electromagnetic disturbances, and the 
properties of such a medium cannot be ‘‘explained” on 
any but mechanical concepts. 

While it is true that the models hitherto devised for 
such explanation have not been entirely successful, they 
will be more acceptable to the average mind than none at 
all; and when it is considered what extraordinary proper- 
ties this medium must possess—that while it offers no 
appreciable resistance to the motions of the planets in 
their orbits, it can transmit transverse vibrations, and 
with the inconceivably great velocity of 186,000 miles per 
second—such a medium must be constituted in a manner 
unfamiliar to our everyday experience. It is remarkable 
that our gross mechanical analogies have come so near 
to the truth. May it not be hoped that the very difficul- 
ties raised by the theory of relativity may prove a guide 
to such a structure and to such properties of a medium as 


will eliminate the difficulties themselves? 
“73 
7712 


dy. Ly, 


2 


Ax Ax 
Fic. 3 


To illustrate the deduction of the analytical expres- 
sion showing the dependence of the velocity of prop- 
agation on the properties of the medium, consider the 
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case of a stretched cord. Let the mass of the cord be 
concentrated at m:,m2,m;,... . at distances ds apart. 
The resultant force’ on m, will be the resolved component 
of the tension 7, in the direction of y, namely, 

ee dys pas y 


_7ply 
fag —Tige or my =Ti sae , 


or since m = p,dx(p;=linear density), 


dy _T, dy 
di? p,dx?* 


The constant T,/p; may be generalized to mean the ratio 
of restoring force to the inertia of the medium, and if 
designated by a? and the result extended to three di- 
mensions, the vector s corresponding to the “‘displace- 
ment,” the most general expression of the propagation 
of a wave motion, in a medium which has the same 
properties throughout and in all directions, is given by 


the formula 
OS y (G81, TSS 
aa ¢ Cee , 


in which s is the displacement, ¢ the time, and x, y, 2 the 
co-ordinates of any point of the medium, supposed homo- 
geneous and isotropic, and in which no other than “elas- 
tic” forces are acting. If the wave front—that is, the 
locus of all points in the same phase of vibration—be a 
plane normal to the direction of z, the expression reduces 
to the simpler form 


de Cee A 


* The displacement is always assumed to be so small that the square 
may be neglected. 
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The solution of this differential equation is s=/,(z—at) 
+f2(g+at), as is at once evident on substitution of this 
value in the original equation. f; and /, are any functions 
which are consistent with a physical existence. 

Taking the function /,; and giving to ¢ an increment 
dt and to z the increment dz, 


S:=f; | (e449 —a(t+di) | : 


If now the increments are such that 


Bag , then s;=s ; 
that is, a is the constant velocity with which the form 
represented by f; is propagated in the direction of z. 
Similarly, /. is propagated in the opposite sense with the 
same velocity. 

Let the function f take the simple periodic form 


s=A sin m(z—at) 
or 

s=A sin (nt—mz) 
or 


< aes 
s=A sin on(7-E+¥) 5 


in which s is the displacement, A the amplitude, T the 
period, \ the wave-length, and y the phase constant. 
This expression represents a homogeneous simple har- 
monic wave-train. 

From the condition dz=adi, since is the distance 
through which the wave-train moves in the time T, it 
follows that \=aT. 
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If several wave-trains are passing simultaneously 
through the medium, the resultant motion will be the 
vector sum of the components; and if s be the displace- 
ment of one of the components in a particular direction, 
and S the resultant in the same direction, 


S=Zs=Za sin (nt—mx+y) . 


In general, the resulting motion is not periodic. But 
if the periods are the same, the separate wave-trains 
differing only in amplitude and phase, then putting 
nt—mx=®, which is the same for all, 


Or 


S=2a sin (0+y) 
(1) 


S=sin Oa cos y+cos OLa sin y. 


But the resultant must have the same period as the 
constituents; so that if A is the resultant amplitude and 
a the resulting phase constant, 


S=A sin (O+a) (2) 
whence 
?= 27a cos Y+ 27a sin p 


AS aan! sin 
2a cosy ° 


If there are only two wave-trains, 
A?= ait ai+ 24:02 Cos (¥:—y,) 


__ 4 sin ¥:+a, sin y2 
a; COS Wit a2 COS W2 * 


tan a 
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If 
vV:—Y2=0 A,=a,ta, 


i-h=T A,;=a—d 


CHAPTER II 
INTERFERENCE OF LIGHT-WAVES 


When two similar wave-trains traveling in approxi- 
mately the same direction are superposed, the resulting 
motion may be greater or less than that of the compo- 
nents, according to the difference of phase of the com- 
ponents. Thus if the two wave-trains are equal simple 
harmonic and meet in the same phase, the amplitude will 
be doubled and the intensity quadrupled. If, however, 
the phases be opposite, the resulting amplitude (and 
intensity) will be zero. In this case the two wave-trains 
are said to “interfere,”’ and the resulting phenomenon is 
known as “interference.” The term is not very well 
chosen, for in fact each train produces its own effect quite 
independently of the other, but it has been in use so long 
that it would not seem wise to alter it. Many illustra- 
tions might be given of such cases, but the following will 
suffice. 

If two exactly similar tuning forks mounted on their 
resonators be sounded simultaneously, the resulting 
sound will not differ from that of either fork sounding 
alone, except that the resulting intensity will be different. 
But if one of the forks be loaded with a pellet of wax, its 
rate of vibration will be lowered, so that the two are no 
longer in tune. Supposing that the phase is the same at 
starting (and the resulting intensity great), in a short 
time the phases will differ and ultimately become oppo- 
site, when the resulting sound will be much weaker and 


Io 
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may cease entirely for a brief instant. The difference of 
phase will thenceforward produce the regular alternations 
of sound and silence known as “beats.” In this case the 
intensity is a periodic function of time. 

If the two forks are exactly alike and are kept in the 
same phase of vibration (e.g., by an electrical connection) 


SAN WH ZZ 
SY Wi 


» Ome @ 


ZAI 


_~ 


‘Fic. 4 


a point at P (Fig. 4) equidistant from F, and F, will 

show a maximum of sound, whereas a point Q, whose 
distance is a half-wave farther from /,, than from F,, will 
always be the location of a point where the phases are 
exactly opposite, hence at this point there will be silence. 
At R, where the difference in pathis a whole wave, the two 
sounds will again be in the same phase and here there will 
again be a maximum, and so on. In this illustration the 
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intensity is a periodic function of the distance along any 
line parallel to FP,. 

Tf now light is a wave motion, the intensity being pro- 
portional to the square of the amplitude, then under 
proper conditions light added to light may produce dark- 
ness. It was Newton who first studied this phenomenon 
by means of the celebrated experiment of ‘“Newton’s 
rings.” Doubtless the similar phenomena of the beautiful 

colors in soap bubbles had been observed centuries before, 
- but without any idea of their cause; and it required the 
genius of a Newton to give the phenomenon a form which 
permits of an exact measurement. 

It is true that Newton’s explanation of the ‘‘colors 
of thin films” is no longer accepted (Newton opposed the 
wave theory of light and held to the corpuscular theory 
which required accessory hypotheses to account for the 
phenomenon); but the fact remains that he did actually 
measure the quantity which is now designated as the 
wave-length, and showed that every spectrum color is 
characterized by a definite wave-length. 

The theory of the colors of thin films will be treated 
presently in some detail, but it may be noted here that it 
is the result of the superposition of the two beams of 

light, the one reflected from the first surface of the film 
(of water in the case of the soap bubble, and of air be- 
tween two glass surfaces in the experiment of Newton’s 
rings), the other that from the second surface; the “in- 
terference” between them produces the alternations of 
bright and dark bands if the light be of one pure color. 
If red light is employed, it will be observed that the cir- 
cular bands in Newton’s experiment are larger than if the 
light were blue; consequently, if white light is employed 


Fic. 5.—A photograph illustrating the interference of ripples pro- 
duced by needle points through which an alternating current was passed 
and touching a water surface. 


Fic. 6.—The shading representing interference in the space to the 
left of the second screen is, of course, only diagrammatic. 
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(which, as Newton showed, is made up of all the spectral 
colors), the result is the beautiful succession of colors so 
characteristic of the phenomenon. 

Attention may be called at this point to an apparent 
difficulty in the explanation. The theory would seem to 
require that where the two surfaces are in contact the 
difference of path being zero, there should be a maximum 
of light, whereas experiment shows a minimum. The 
difficulty is at once removed when it is shown (as is also 
required by theory) that the two reflections do not take 
place under similar circumstances. One occurs at the 
rarer medium (air) while the other takes place at the 
glass surface, which necessitates a change of phase of just 
a half-wave. This must be added to the measured differ- 
ence in path of one or the other of the two interfering 
pencils of light. 

Now while it would appear that the complete ex- 
planation of the phenomenon is furnished by the undu- 
latory theory, the crucial test could not be applied be- 
cause of the impossibility of separating the two inter- 
fering pencils of light. This was accomplished by Thomas 
Young as shown in Figure 6 (p. 12). A minute aperture S 
on which sunlight is concentrated by a lens acts as a source 
of light which is intercepted by a screen having two small 
apertures a and 8, about a millimeter apart. The light 
passing through reaches a screen a meter distant. At p 
where the two paths ap, bp, are equal, there will be a 
maximum of illumination, while at another point q 
where the difference in path ag—dq is one half-wave, 
and where the phases are exactly opposite, the two 
pencils neutralize each other and there is a minimum of 
light. At a distance twice as great from p, the phases will 
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again be alike producing a second maximum and so on. 
The strict analogy with the tuning-fork experiment previ- 
ously described is manifest; and the same explanation 
applies in both cases. 

The chief point of difference is that of wave-length, 
which necessitates a different order of distance between 
the interfering sources. If 6 is the width of the inter- 
ference bands (distance from maximum to maximum), D 
the distance 6p between the screens, d the distance be- 
tween the apertures, and ) the length of the light-wave 
for the color of the light employed, then 


DS 
b=7h . 
For white light the interference bands will be colored, 
the succession of colors being essentially the same as in 
Newton’s rings. 

Young found for the wave-lengths of the different 
colors the same result as Newton. In this experiment the 
two interfering pencils are separated so that they may be 
modified independently. Thus, if one of the pencils is 
suppressed, the interference bands vanish, and it must 
follow that here we have clear proof that (at the dark 
bands) light added to light produces darkness—a result 
entirely consistent with the wave theory, but very diffi- 
cult to explain on any other hypothesis. 

It will be noticed, however, that the pencils of light 
have traversed very small apertures, and that they are 
bent or diffracted from their original direction, and it 
might be objected that the results obtained were due in 
part or wholly to the effect of the edges of the screen on 
the light-pencils which have passed through the narrow 
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apertures. To avoid this objection, Fresnel devised the 
following modification of Young’s experiment. 


FRESNEL’S MIRRORS 


While the method of the Fresnel mirrors as a means 
of illustrating the phenomenon of interference is super- 
seded by more modern devices, this celebrated experi- 
ment contains many elements of interest both historically 
and from an educational standpoint. 


Sil 
/ 


Fic. 7 


Two glass plates, oa and ob, are inclined at a small 
angle (a few minutes of arc), and the light from a bright 
but very narrow source S is reflected by the mirrors to 
a screen where the resulting interference bands may be 
observed directly, or by an eyepiece (in which case the 
screen is unnecessary). The resulting illumination is the 
same as it would be if the original source and the mirrors 
were removed and replaced by the two virtual images 
of the source at S, and S;. 

If a, is the angle between the mirrors, D, the distance 
from their intersection to the source, and D, the distance 
to the screen, the width of the interference bands 6 for light 
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of wave-length ) will be 
We Dt D2 
- 2 Dra. . 
If the distances are equal, 


b=—. 


ay 


It is important that the line of intersection of the 
mirrors be very near to the adjacent edges, otherwise the 
difference in path will be increased by een e in which - 
his the “offset” at the junction and 6 the grazing angle. 
An error in this adjustment of 0.1 mm may amount to 
forty light-waves unless @ is small. It is desirable, there- 
fore, to make the grazing angle very small. 

If the source be a narrow slit (which gives a much 
more intense illumination than would a pinhole), it will 
also be quite important that the slit and the intersection 
of the two mirrors be in the same plane. It is to be noted, 
however, that owing to the obliquity of the reflection 
from the Fresnel mirrors! a considerable proportion of the 
light is also diffracted, and the objection raised against 
the experiment of Young still holds, 

In another form of the Fresnel experiment the mirrors 
are replaced by a “bi-prism” whose angle is very slightly 
less than 180°. Here also the source s and the bi-prism 
produce the same effect on a screen Sas would result from 
the two virtual images s, and $2; whence it follows that 
the distance between the interference bands will be 

ba Ae Ded; 
2(u—T) a Dae 
* By careful adjustment of the intersection of the mirrors and by use of 


a rather high magnification, the obliquity of the reflected rays may be as 
small as desired, and thus the Proportion of diffraction made insignificant. 
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in which a, is the acute angle of the prism and yp the index 
of refraction. But as u varies with X, the resulting inter- 
ference phenomenon is complicated by dispersion. 

Before considering other forms of interference appa- 
ratus, it will be worth while to examine the principles 
which they have in common. 

1. The first and most important of these is that the 
two interfering pencils must have a constant phase rela- 
tion (or at least one whose variations are slow and con- 
tinuous). This can only be realized in the case of light- 
vibrations if the two pencils originate in the same source. 
Thus it is altogether impossible to observe interference 
with two candles as sources; for the vibrations of the indi- 

vidual electrons, being practically independent, give a 
resulting illumination which amounts to an integration 
due to wave-trains whose phase, amplitude, and orienta- 
tion vary many millions of times per second. This con- 
dition is therefore indispensable; the others which follow 
are convenient for facilitating the observation. 

2. If the source is not homogeneous, that is, if it is 
made up of a mixture of colors (as in the case of white 
light), and hence of different wave-lengths, the resulting 
interference bands will have widths and positions de- 
pending on the separate wave-lengths and will coincide 
exactly only for the case of exact equality of the paths of 
the two interfering pencils, and approximately where this 
path difference amounts to a very few thousandths of a 
millimeter. Hence it will be important to make the two 
paths as nearly equal as possible,’ unless the resulting 
light be examined spectroscopically, in which case the 


I This condition would be violated, for instance, if the offset of the 
Fresnel mirrors is a hundredth of a millimeter or more. 
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interference phenomena are brought in evidence by the 
“channeling” of the spectrum; that is, the appearance of 
dark bands across the spectrum, the more numerous as 
the difference of path increases. 

3. A third condition is that the direction of the two 
pencils should be nearly the same; otherwise, the inter- 
ference fringes will be too narrow to distinguish. In fact, 
if a is the angle between the two pencils (and consequently 
between their wave-fronts), \ the wave-length or dis- 
tance between two successive wave-fronts in the same 
phase, and 6 the distance between the bands, then 


(This applies to all cases, as may readily be verified in 
those already considered. Thus, in the case of the Fresnel 


mitrors, 
D.+D, 


2D anne 


b 


where a, is the angle between the mirrors. But 


DD; 
D; 


20,= a, 


so that 


as required.) 

If the difference in direction be, say ten minutes of 
arc, the breadth of the fringes will be only 340 wave- 
lengths, or about two-tenths of a millimeter. 

There is still another condition which, however, ap- 
plies only to apparatus like that of Young or of Fresnel, 
namely, that the source must be of very small dimensions 
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(pinhole or narrow slit), otherwise the different systems of 
fringes are not superposed in the same location, thus 
masking all evidence of interference. There are other 
forms of apparatus, however, in which this condition is 
unnecessary, such as the interferential refractometer of 


Fic. 8 


Jamin. This consists essentially of two plane-parallel 
plates of exactly equal thickness and approximately paral- 
lel. One of the two pencils into which the light from an 
extended source at S is divided at the first surface fol- 
lows the path oabcd; the other, the path oefcd. The two 
paths being nearly equal and the two pencils meeting 
along cd at a very small angle, interference fringes are 
readily observed either with the unaided eye or by means 
of an observing telescope. 


CHAPTER III 
THE INTERFEROMETER 


The preceding methods of producing interference do 
not permit a wide separation of the interfering pencils of 
light, nor of considerable variations in the difference in 
path—conditions of importance in a number of investiga- 
tions, among which may be mentioned the effects of 
temperature and pressure, of electric or magnetic fields, 
and of the effect of the motion of thé medium upon the 
propagation of light. 

It was for the investigation of this last-mentioned 
problem that the following arrangement was devised. 
Light from the source S, which may be an extended 
luminous surface (a candle, lamp, or a lens with an arc 
light at the focus, etc.), falls on the surfacet of a plane- 
parallel glass plate a, which separates it into two “co- 
herent” pencils, the one transmitted and the other re- 
flected normally from the plane mirror c, and the latter 
from 6, both returning to the Separating surface a, whence 
they both proceed in the direction ae where the resulting 
interference fringes may be projected on a screen or 
observed by the eye, with or without an observing tele- 
scope. 

It was this simple form to which the designation 


. “interferometer” was originally applied, and which in 


* This surface has a film of silver, or better, of platinum, of such 
thickness that the reflected and transmitted pencils are of approximately 
equal intensities. 
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slightly modified form was used in the experiment under- 
taken in 1880, and subsequently in collaboration with 
Professor Morley, and which will be described in detail in 
the chapter dealing with 
the effect of motion of the 
medium on the velocity 
of light. Meanwhile, it 
may be of interest to indi- 
cate some of the modifica- 
tions which have been uti- 
lized for this and other in- 
vestigations, and to point 
out the analogies with 
other optical instruments. 

For optical measurements two sorts of instruments are 
in use: to wit, lenses (or mirrors) and prisms (or gratings). 
The interferometer is sometimes added as a third; but 
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since all optical phenomena depend essentially upon inter- 
ference in its most general conception, there is no essen- 
tial difference between them. The close analogy is illus- 
trated in Figure 10. Thus in Figure 10A the image of 
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a source (a slit a, or a fine line ruled by a diamond on a 
smooth glass or metal surface) is formed at d (the result 
of the “combination” of all the rays which fall on the lens 
bc), where it may be ob- 
served, as in the telescope 
or the microscope, by an 
eyepiece. In Figure 10B 
the source is replaced by 
the surface a, whence two 
of the pencils (one trans- 
mitted and the other re- 
flected) are bent by the 
prisms (or mirrors) at 6 
and cso that they meet 
at the surface d, proceed- 
ing thence to the eye or 
the observing telescope. 
In Figure 11 the same analogy is illustrated when the 
lens is replaced by a mirror. 

Thus it appears that the essential difference between 
lenses or mirrors, on the one hand, and the interferometer, 
on the other, is that in the former all the rays from the 
source which fall on the lens unite in the focal plane to 
form an image; whereas in the interferometer there are 
only two interfering pencils. As regards the use of the 
two classes of instruments, this difference is not very 
important; and indeed, it will be shown that for accurate 
measurements the interferometer has a decided ad- 
vantage. In the illustrations just given, the microscope 
or telescope, and the analogous forms of interferometers, 
may be applied to the measurement of distances or of 
angles. 
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But prisms and gratings are employed in what seems 
at first sight to involve different principles, and for a 
different purpose, namely, the analysis of light into its 
component constituents. a 


The analogy still holds, ; 
however, as is shown in eae 
Figure 12A and B. Thus | A ee 
in Figure 12A, @ repre- \| iene 
sents the slit source of 
light and bc a grating 
which diffracts the light 
back to a (part being 
thrown one side by the 
plane-parallel plate p for 
observation or for pho- 
tography), while in Fig- 4 

ure i2b and 12C, the C 
interferometer shows a 

similar light-path, but > le 
only for the two limiting 
pencils of light. 

If in this arrangement one of the mirrors, say c, is 
movable, and the incident light monochromatic, of wave- 
length d, and if ” is the number of maxima (or minima) 
corresponding to d, the measured difference in path, then 
the wave-length is given by \=d/n; and, as will be shown 
in a future chapter, this can be measured with far greater 
accuracy than is possible by the use of prisms or gratings. 

Figures 12C, 13C, 14B, 15C, and 16B represent the 
principal forms of interferometer together with their 

‘analogues for the special investigations to which they are 


adapted. 


ve 


FIG. 12 
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The form of interferometer which has proved most 
generally useful is that represented schematically in 
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Figure 13C, and in greater detail in Figures 17 and 18, 
and in the photograph shown in Figure 19. Light from 
the source (Fig. 17) falls on the lightly silvered surface of 
the plane-parallel plate A, where it divides, part being 
reflected to the plane-silvered surface C, whence it is re- 


b 

a ad A 
@ 
5 

a woe 
Cc 

(GC 


Jae... 1a 


turned to A, which transmits it to the observing tele- 
scope; the other part being transmitted to the plane 
mirror D, whence it is returned to A, being then reflected 
to the observing telescope, where it interferes with the 
first pencil. In white light, the optical difference in path . 
must be very small if interference bands are to appear. 
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But one of the light-pencils has had to pass twice through 
the plane-parallel plate A; the compensating plate B, of 


b 


Fic. 16 


exactly the same thickness, and placed at the same angle, 
is therefore interposed in the path of the second pencil. 


Fig. 17 Fic. 18 


A heavy casting serves to support the optical parts, 
and the carriage holding the movable mirror C moves on 
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very accurately ground ways. The motion is communi- 
cated by means of a screw provided with a worm wheel 
and a divided circle so that the motion of the carriage 
may be accurately measured. The stationary mirror 
D is provided with screws for adjustments about verti- 
cal and horizontal axes.. The compensating plate B 


as re 


Fic. 19 


is held by a vertical steel rod, the torsion of which pro- 
duces any required small alteration in the path. All of 
the optical surfaces are very accurately plane, the errors 
being of the order of a twentieth of a light-wave, or less. 

The adjustment of the instrument is effected as fol- 
lows. The distances of the mirrors C and D from the half- 
silvered surface of A are made approximately equal (say, 
to within a millimeter), and an approximately homo- 
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geneous source of light (sodium flame, or better, a Cooper- 
Hewitt mercury arc) is placed in front of A. The two 
images of a needle point are then brought into coinci- 
dence by the adjusting screws of the mirror D, when the 
interference fringes should appear. They are usually 
narrow, curved, and not very distinct; but by slowly 
altering the adjustment of the mirror D they may be 
given any suitable width, and by diminishing the path 
difference by turning the screw S the fringes become more 
distinct. As the path difference approaches zero, the 
change of inclination of the fringes accompanying a 
change in position of the eye diminishes; and when 
this change vanishes, the (colored) fringes in white light 
appear, or may be found in a few turns of the worm 
wheel which gives the slow motion to the screw S. 


THEORY OF THE INTERFEROMETER 


In the arrangement of Figure 20, representing sche- 
matically the interferometer in its simplest form, it is evi- 
dent that to the observer 
at & the effect of the com- 
bination is the same as 
that which would be pro- 
duced by the surfaces A 
and B’, the latter being 
the image of B in the mir- 
ror M. Let the pair of sur- 
faces M,M.,, Figure 21, re- 

Fic. 20 place the interferometer, 
and consider the effect of the reflection of light from a 


* The clearness of the fringes at this stage may be considerably in- 
creased by the use of a small aperture held before the eye. 
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point S’ to another point P. Let ¢ be the distance between 
the surfaces at the points of incidence, and let w be the 
angle of incidence, which Pp 

may be considered the 

same for both mirrors, the 

angle @ between them be- 

ing supposed very small 

(of the order of a second 

of arc, orless). The differ- 


ence in path of the two “4 ae Ss 
interfering pencils will be Fic. 21 
A=2tcosw. 


Let the intersection of the mirrors be vertical, and let 
z be the angle between the horizontal projection of the 
incident ray and the normal; let 6 be the angle which the 
projection of the ray on the vertical plane containing the 
normal makes with the normal. If P be the distance from 
the mirrors to the point where the interference fringes 
are observed, and if f, be the distance between the mirrors 
at the foot of the perpendicular, then . 


t=i,+P tanitang¢, 


or, since @ is very small, and w is also small, 
A=2(t+Pid) cosw. 


With an unlimited aperture the corresponding phase 


difference, 27 7 may have so large a range of values that 


all traces of interference vanish. If, however, the cone of 
rays is limited (by the pupil of the eye, or by a diaphragm 
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in front of the observing telescope), the range may be 
small enough to show the phenomenon of interference. 

Let it be required to find the distance P at which the 
fringes will be most clearly visible. This must occur when 
the change in A is least for a given change in w. 


A ; p 
Putting oo =o, and since w, 7, and ¢ are all small, 
| it, 
P=, 
@ 


It follows that, for an unlimited beam, the different 
parts of the interference pattern are not simultaneously 
in focus, except, first, if t,=0, when P=o (fringes local- 
ized at surfaces of mirrors MM ‘; second, if é=o, when 
P=o (fringes localized at infinity). 

If A, is the phase difference for w=o, and if A,—A 
=n, 


2t(I—cos w) — 2Pid cos w=ndr ; 


or for small w, 
Lw?— 2Pip=ndX , 


; ar : P 
or, if p=", andif i=—2 


P+ = p?tohi. (1) 
This represents a circle whose angular semidiameter is 
mr _ P?¢? 
e+ i? 
Po 


and whose center is displaced through an angle ;= 3 


i?) 
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If f is small, equation (1) reduces to 
ny = — 2Poi= 20x , 


or, disregarding sign, 
mr 
Ti ei 
2g 


giving straight fringes parallel to the intersection of the 
mirrors. ‘The distance between the fringes is 


VISIBILITY OF FRINGES 


Let the visibility be defined by 


in which J, and J, are the maximum and minimum in- 
tensities respectively. 


I= { ‘cos zhAdt . 


(The phase change for @ is of second order.) 
The angle w is always small so that A==2(f.4+Pig) and 


Tmismict3 { “00s 2k(t.+Pid)di 


\ sin RP@(t2—11) cos RA 


_ sin kP¢ (1.11) 


V= Pe Gi) (k=2n/h), 
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This expression gives for ¢,=o (and therefore P=o) 
the value V =1, which shows that for moderate apertures 
the visibility is independent of the aperture. This is also 
true if ¢=o. An idea of the order of magnitude of the 
angular aperture permissible may be obtained from ele- 
mentary considerations as follows. 

If the difference in phase between the central and the 
marginal rays be X, the discordance will be considerable. 
In the first case, if 8 = angular aperture of the objective 


A= 2t(1—cos B/2) =r 


whence 


B= 


Thus, if =25), B=1:5; that is, an angular aperture of 
the lens should be less than 1/5. 

In the second case, if A is the diameter of the 
objective \=2¢A whence A should be less than d/2¢. 


INTERFERENCE FRINGES IN THE RECTANGULAR 
INTERFEROMETER 


The interferometer is made up of two plane-parallel 
plates and two plane mirrors, placed at the corners of a 
rectangle, the mirrors and plates all being adjusted very 
accurately parallel, and at 45° with the rectangular path 
of the pencil of light from a broad source of approxi- 
mately. monochromatic light (a Cooper-Hewitt lamp). 
The fringes are viewed by a telescope. This arrangement 
is equivalent to an air plate of thickness ¢ on which the 
light is incident at an angle of approximately 45°. 

Let ¢=inclination of surfaces of air plate; y=angle 
of their intersection with the horizontal; #=thickness of 
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plate at 2=0 and 6=o; (45+) and 9, respectively, the 
horizontal and vertical projections of angle of incidence; 
P=distance from the surface at which fringes appear for 
t=0; xyy,=co-ordinates (parallel to surface) in “focal” 
plane. Then if ~= V2 Pd sin y—t; q=P¢ cos jy; 
r=x, sin Y+4,; cos Y; A=difference in path; the expres- 
sion for the position of the interference fringes will be 
(omitting small quantities of second order): 


pitgd=V 2A—-r. 


The isochromatic lines are straight, and inclined at. an 
angle whose tangent is p/g. Ifa and 8 are the horizontal 
and the vertical angular apertures of the cone of rays en- 
tering the telescope, the visibility of the fringes is ex- 
pressed by 


sinw sin x 21 21 
V= ° e =— pa = — a 


It follows that V is fair only when pa and ¢f are small; 
that is (for given apertures), when 


Pd cos p=>0 ; V2 P¢ sin yt. 


Hence the fringes are distinct only when y=90° and ata 
distance 
P=t/V 20. 


If y is not 90°, the fringes may be still readily visible if the 
aperture is small. The inclination is still tan y= ~/q, and 
the breadth £ is given by 


4 a (V2 Po sin y—21)?+(Py cos py)? . 


CHAPTER IV 
LIGHT-WAVE ANALYSIS 


As has been indicated in the general discussion of the 
various forms of interferometer, these may be classified 
according to the uses to which they are applied. Thus, in 
the form C, Figure 13, in which the two paths are ap- 
proximately equal, a motion of one of the mirrors of a 
hundred thousandth of an inch would correspond to a 
shift of one fringe, so that such an arrangement may be 
used to replace the microscope in measuring extremely 
small displacements. Similarly, the form of interferom- 
eter shown in B, Figure 14, is adapted for measuring ex- 
tremely small angles, and may thus replace the telescope. 
It will be shown in the chapter on “Accuracy of Optical 
Measurements” that measurements made by the inter- 
ferometer are from twenty to fifty times as accurate 
as the corresponding measurements by microscope or 
telescope. 

The spectroscopic analogue is not quite so evident, 
though no less exact. If one of the mirrors of the inter- 
ferometer be moved through a considerable distance, 
using a homogeneous source of light, counting the number 
of fringes which pass during the motion, the length of the 
light-wave will be twice this distance divided by the 
number of fringes. As shown in a future chapter, the 
accuracy of such a determination of wave-length is far 
greater than is obtained by the spectroscopic measure- 
ments. 

If, however, the source is not homogeneous, the clear- 
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ness or visibility of the fringes will diminish as the differ- 
ence in path of the two interfering pencils increases, and in 
general will vary in a manner depending on the nature of 
the source. Thus, if the source is light from vapor of 
sodium, the fringes diminish in clearness until the differ- 
ence in path contains  wave-lengths of \, and 2+4 wave- 
lengths of \,. From this point they begin to grow clearer, 
until at twice this distance they are nearly as distinct as 
at zero. The visibility curve is given in Figure 22." 
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FIG. 22 


Reciprocally, if such a visibility curve is observed, 
it follows that the source is a doublet. Similar considera- 
tions show that there is a close relation between the dis- 
tribution of light in the source as a function of the wave- 
length and the corresponding visibility curve. The gen- 
eral analytical expression for this relation may be ob- 
tained as follows. 

The intensity of the light from two interfering pencils 
of the same wave-length, X, is 


é 1D 
t= at+a+2a,a, cos 2m > : 


in which a, and a, are the amplitudes of the two wave- 
trains, and D the difference in path. If the two ampli- 
tudes are equal, 
eed, 
1=2a7| 1+ COS 27 Ibe 
tTn Figures 22 and 24~29 inclusive, the dotted curve is the graph of 


the theoretical formula; the full curve represents the results of observa- 
tion. 
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If, however, the light is not monochromatic, the total 
intensity will be 
ane 
or,’ putting 1/A=n-+«, 
I= fo(x)[1+cos 27D(n+x)]dx . 

Putting 

6=27Dn 

P= fo(x) dx 

C= f¢(x) cos 2rDx dx 

S= f(x) sin 21Dx dx 

I=P+C cos 6—S sin 6. 


In order to introduce a quantitative relation between 
V, the visibility of the interference pattern, and ¢(x), the 
intensity of the source as a function of the frequency, it 
is, of course, necessary to assume a definite expression 
for V. 

Let us assume? 

I.—f, 
pean 

where J, is the intensity at the center of a bright fringe 
and 7, that at the middle of an adjacent dark fringe. To 
find J, and J,, put dI/d6 =o, giving tan 6= —S/C, which,3 
substituted in the expression for J, gives 


T=P+£VC+S?, 


In all cases to be considered, the light is so nearly monochromatic 
that x is small. 
: dI/dé , ‘ : 
2The same result follows if we assume Mewes g , in which dI/d@ is 


the steepest part of the intensity curve. 


3 Since v is always small, C and S may be regarded as constant. 
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whence 


Let it be required to find the visibility curve for a few 
special cases for given values of ¢(x). 

Case I.—¢(x)=constant from «=—ta to x=ha. 
This being an even symmetrical function, the S integral 
vanishes and 

C sin rDa 
(pees 
PP. aDa 


$(x) Vi 


= ee 
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The graph of V is shown in Figure 23. The fringes 
vanish at equal intervals D,=1/a, 2/a, etc., where 


On 


OA done e 


The change of sign of V at alternate loops signifies that 
the bright and the dark fringes are reversed. 
Case II.—o(x) =e—*/”. Here also 


Si 0 
and 
eo 
{ e—*/82 cos 2m Dxdx 
=, 
ik e— 7/27 dx 
-—* 

whence 


Vacate 
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Figure 240 is of the same form as ¢(x), but its “breadth” 
is inversely proportional to that of ¢(#). 


c 


Fie. 24 
Case III. Multiple source-—If the spectrum con- 


sists of a number of similar symmetrical “lines” whose 
intensities are proportional to P,, and whose visibility 


curve is V, the visibility V is given by 
(ZP)?V?=V?2ZP.Pm COS 2tD(%m—Xn) « 
For a doublet 


(2P)?V?=V2(P.+P.+2P,P; cos 2rDa) , 
Or, ur=P,/P,, and L=ta, 


i= poker ter cos 27D/L 
ad I+7?-++ ar 


6c Oe La I 4 =k 
(z, the “period NER oo 


Figure 22 represents the graph of such a visibility 
curve for the sodium doublet. 


It is convenient to define the “half-width” as the value of the inde- 
pendent variable at which the function falls to one-half its original value. 
It follows if ey 


2 1s the half-width of the spectral “line,” the distance Ds aD 
log 
TL 


.22 
ae or approximately, D, / 


will be 


= 


or fa ; 
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THE INVERSE PROBLEM 


The deduction of the distribution of light in the 
spectrum of the source is, in general, a problem of con- 
siderable difficulty, especially in the case of asymmetrical 
lines. If this distribution is J=¢(x), we have, by the 
Fourier theorem, 


(x) =a) cos kx af Co cos ku du 


cell sin kx nf (mu) sin ku du, 


$(x) = { [C cos kx dk+S sin kx dk] ; 


or 


omesimce C=PV cos Jand S=PV sin @, 


(x) ={v cos (kx+0)dk . (k= 2D) 
V=f.(k) 
6=f,(k) 


If ¢ is symmetrical, =o and ¢(«) = fv cos kx dk. In 
this case, if V is expressible as an analytical function of 
k, #(x) may be found by integration." 

In the case of an asymmetrical function, it is neces- 
sary to know both J, the visibility curve, and @, which 
may be termed the “phase curve.” The latter may be 
found by comparison with an approximately homogene- 
ous symmetrical source of approximately the same wave- 
length. 


t In most of the cases which follow, this integration was effected by 
means of the harmonic analyzer (see Light Waves, p. 68). 
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In illustration, consider the two cases 


aie ea P,Vi=V1+2r cos ka+r? (1) 
o(*) =1 for x=0 


$(«) =r/2 for ie Mas ah cos ka. (2) 


For r=.4, P,V;z is scarcely distinguishable from PV. 
But, in the first case, 


r sin ka 


ao ay cos ka’ 


while in the second, 


tamed One 


The maximum difference is about .127. This corresponds 
to a shift in the position of the fringes of +.12 of the 
distance between the fringes. 

For many purposes an exact estimate of the visibility 
is not essential. For instance, in the investigation of a 
doublet the distance between the components may be 
found from 


od _ 

Mieke 

where P is the distance between successive minima. 
The ratio of the components may be obtained from 


Vi- V2 


feria er 


in which V, is the mean of two maxima and V, the value 
of the intervening minimum. This requires an accurate 
knowledge of V, and V,. 
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In general, it. is necessary to provide comparison 
fringes whose visibility is defined by 


Si=1, 
LAL 


which may be accurately determined. For this purpose 
a concave crystal of quartz is placed between crossed 
Nicols, giving circular interference fringes whose intensity 
is 
[=1—sin? 2a sin? 7d , 
whence 
LE C0s 120 


~ t+cos? 2a’ 


in which a is the angle through which the quartz is ro- 
tated to give fringes of distinctness or visibility equal to 
those shown in the interferometer. (The eye readily 
learns to dispense with these comparison fringes.) 

A few examples follow of some of the results actually 
obtained in practice. 

1. Hydrogen (\=6563).—The visibility curve is rep- 
resented by the expression 


v= = Rees! cos 2rD/P ; 
es I+7?+ 27 
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The line is therefore a doublet (Fig. 25) with components 
122 


i ? , and whose distance apart is 


whose half-width is 0;= 
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0,=—;, the ratio of the components being r. For hydrogen 


Me 

P 7 
in a vacuum tube under a pressure of about 1 mm of 
mercury, illuminated by discharge from an induction 


coil, the following values were obtained: 


0;=0.14 A.U. 
=0.05 ALU. 
r=0.70 


=r ——o as 
5 on 9 20 wo 6 s0 wo 0 [49 160 Wo 200 ZO AOmm. 
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2. Thallium (X\=5350).—The line is a double with 
components one-tenth A.U. apart, the ratio being o.5. 
The visibility curve (Fig. 26) shows that each component 
is a very close doublet whose distance is only o.or A.U. 
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(This may, however, indicate a reversal, and does not 
necessarily prove an actual doublet). 

3. Mercury.—Figure 27 represents the visibility 
curve for \ 5790, Figure 28 for \ 5770, and Figure 29 for 
\ 5461. The corresponding distribution of light in the 
spectrum of the source is given in the figures to the left of 
the visibility curves, and, while giving results which have 
had to be somewhat modified by subsequent investiga- 
tion (chiefly on account of the absence of information of 
the phase curve), are in the main correct as regards the 
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intensity and distance of the components (see paper of 
Gale and Lemon, Astrophysical Journal, 31, 78, 1910. 
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The following examples illustrate results which show 
the effect of temperature and pressure on the width of 
spectral lines. 

For low and moderate pressures the principal sources 
of broadening will be, first, the effect of motion of the 
vibrating electrons in the line of sight; and, second, the 
effect of collisions in limiting the free path. If the density 
is very low, the second effect may be ignored (for example, 
in the case of hydrogen when the pressure is 1 or 2 mm). 

The expression for the visibility as deduced by the 
late Lord Rayleigh is 


Vis=exp |-7(57) | é 


in which D is the difference in path, \ the mean wave- 
length, v the square root of the mean square velocity, and 
V the velocity of light. If A be the difference of path cor- 
responding to vis =, 


A/\s.15V/0. 
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Taking v=2,00c0 m per second, for hydrogen, A/v\= 
22,500. 


TABLE I 

Substance Wake d A naa 
1s Dera rere ae I 6563 19.0 30,000 22,500 
lBloe noon oo nAY o> I 4861 8.5 18,000 22,500 
OM ee aoe 16 6160 34.0 55,000 80,000 
IN Giron 6 oe oo c3.08 6 23 6161 66.0 107,000 | 108,000 
Na, Seat ye ei 23 5803 80.0 133,000 | 108,000 
Na,y Rite ecey te eae 23 5676 62.0 109,000 | 108,000 
Na, EE ANE O oft 23 5153 44.0 85,000 | 108,000 
Na‘ Be oe Hae shoncratate 28 4979 55.0 II0,000 | 108,000 
Bprosorco wht cect t 65.7 6362 66.0 104,000 | 182,000 
BERS coo 0 on 2agm a O57 4810 47.0 98,000 | 182,000 
(Othe cba nasee abe canes 6438 138.0 | 215,000 | 238,000 
Cd, sa tetct te Se Rot I12.4 5085 120.0 236,000 | 238,000 
Cihics ootebon ens: DLoay 4800 64.0 134,000 | 238,000 
Hg, Pa as On 200.6 5790 230.0 | 400,000 | 317,000 
Hg’ aE. tir hese 200.6 5770 154.0 | 270,000 | 317,000 
Hg, Fee Te Res c 200.6 5461 230.0 | 420,000 | 317,000 
Moca honcooosnl| Bee.€ 4358 I00.0 230,000 | 317,000 
WB ica etme mec eae 204 5350 220.0 | 400,000 | 322,000 


Again, if we ignore the difference in temperature 
(about which there is considerable uncertainty) at which 
other substances were examined, the velocities v should 
vary inversely as the square root of the atomic weight; 
and the number of waves in the path difference corre- 
sponding to V=} is therefore 22,5001}/m. Considering 
the difficulties and uncertainties of the problem, Table I 
shows a fair agreement between the observed and the 
calculated values. 

A similar investigation at pressures varying from o to 
toomm gives as the result (which applies with a fair 
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degree of accuracy to substances varying enormously in 
density and volatility) the expression 


a=c,/? (a+bp) , 
m 


in which @ is the width of the spectral line, 9 the absolute 
temperature, m the atomic weight, # the pressure, a, 6, c, 
constants. 

While it may be admitted that the analysis of spectral 
lines by the method of visibility curves is somewhat in- 
direct and not entirely certain, it has nevertheless proved 
of considerable value, especially in cases where the effects 
to be observed are beyond the power of the spectroscope. 
At the time of its inception the resolving power of the | 
instruments available was far too small for many of the 
problems which have yielded to the new method, such as 
the resolution of fine structure, the effect of temperature, 
of pressure, and of the magnetic field. 

While other methods (some of which will be described 
in a future chapter) have for many purposes superseded 
the method of light-wave analysis, there are still applica- 
tions for which the latter process is the most powerful 
means at our disposal. 


CHAPTER V 


MEASUREMENT OF STANDARD METER 
IN LIGHT-WAVES 


As indicated in chapter iv, the measurement of the 
wave-length of light from an approximately homogeneous 
source may be made by counting the number of interter- 
ence fringes which pass during the displacement of one 
of the mirrors of the interferometer. The possible accu- 
racy of such a measurement is determined by the degree 
of homogeneity of the source. As was shown in the above- 
mentioned chapter, this is measured by the difference in 
path at which interference fringes are still visible, which 
in some cases was shown to amount to 500,000 light- 
waves or more. In such a case, the order of accuracy of a 
measurement may be expected to be something of the 
order of one part in several million. 

It is, of course, essential that the radiation from the 
source be “simple” or at least separable into simple spec- 
tral lines, a condition which was shown to be of somewhat 
rare occurrence. Among the hundreds of radiations ex- 
amined none answered the requirement so well as the 
red radiation from cadmium vapor. The visibility curve 
for this radiation is expressible with a high degree of 
accuracy by the formula 


V=eno ee 
in which D is the difference in path and A that corre- 


sponding to visibility 1/e. The graph is given in Figure 
46 
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24. The constant A depends on the temperature and 
pressure of the vapor and is greatest when these are small. 
The figure gives A= 160 mm, and the interference fringes 
would still be measurable at D=220 mm. But this dis- 
‘tance contains about 350,000 light-waves, or say 700,000 
fringes. ‘The optical error of measurement will depend 
somewhat on the visibility of the fringes but an estimate 
of one-tenth of the fringe width is quite conservative, and 
indicates the possibility of making such a measurement to 
an order of accuracy of one in ten million. 

The counting of several hundred thousand fringes is 
altogether too troublesome and uncertain to be relied 
upon. Doubtless a number of methods may be suggested 
of making such a process automatic, and in fact some 
rather promising attempts in this direction have been 
made; but the possibility of skipping over one or more 
fringes through some accident is so 
serious that a somewhat roundabout 
and tedious but much surer process 
was substituted. 

This consisted in dividing the dis- 
tance to be measured (100 mm) into 
smaller parts so that the number to 
be counted is much smaller. Thus, if 
a second intermediate standard of 
50 mm is constructed, another of 
25 mm, and so on down to one of 
too+ 28 =0.390625 mm, this last will Fic. 30a 
contain only 600 red light-waves, or 1,200 fringes in the 
(doubled) distance between the two parallel surfaces con- 
stituting the intermediate standard. This number of 
fringes can readily be counted with certainty. Such an 
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intermediate standard is shown in Figs. 30a and 30). This 
consists of two plane-parallel glasses A, A (Fig. 300), sil- 
vered on the front surfaces and held in contact with three 
brass pins a, 6, c (Fig. 30a), which are filed and polished 
until the two surfaces are as nearly parallel as required.’ 
The parallelism is tested in the interferometer arranged 
as in Figure 31. If mm’ represent the front and the rear 
mirrors of the standard, and d, which may be termed the 


nie 


5 


Fic. 300 


“reference plane,”’ is adjusted so as to produce circular 
fringes in monochromatic light, and if there is no change 
in diameter of the fringes for m and for m’ as the eye is 
moved across the line of sight, then these are parallel. 
The count of the fringes on the smallest of the inter- 
mediate standards, which may be designated by J, is 
made as follows. Let this standard be mm’ of the figure, 
and 2 an auxiliary mirror adjusted to show circular 
fringes in red cadmium light. The front surface m is made 
to coincide with the image of the reference plane, making 


* The parallelism may be made practically perfect, but an error of a 
tenth of a micron or so is not objectionable. 
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with this, however, a small horizontal angle, and giving 
vertical interference bands in white light, the central 
band being achromatic and thus readily distinguishable. 
The reference plane is now moved while at the same time 
the succession of circular fringes on 7 are counted. The 
motion is continued until d coincides with the rear surface 
m’, when vertical fringes appear in white light; the 


s 


achromatic band being brought to the same position on 
m’ as it had before on m. 

The number of circular fringes counted during the 
motion will be the whole number required. The fractional 
excess is very accurately determined by readjusting the 
reference plane so as to give circular fringes in cadmium 
light at m and m’. If the phase of the circular fringes is 
the same at both m and m’ then the excess is zero; if this 
is not the case, the compensating plane-parallel glass c is 
turned through a very small measured angle until the 
phase is the same, and by previous calibration the phase 
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difference corresponding to the fractional excess is de- 
termined. Such a count made for the three cadmium radi- 
ations red, green, and bluet gave the numbers shown in 
Table IT. 


TABLE II 
TR Cd Betas settee eer: WEN 
Greer Wr nee ree 1534.79 
Blveweeee Bs ara 1626.18 


Having the number of waves and the fractional excess in 
I, the next step is the comparison of J and JJ. This is 
effected as follows. 

The two standards mm’ and nun’ are placed side by 
side and adjusted to parallelism, with the front surfaces 
nearly in the same plane, so that the slightly inclined 
reference plane, when properly adjusted, shows vertical 
fringes on both, the central fringe having the same rela- 
tive position (say, at the middle) on each face. d is now 
moved to coincide with m’, as shown by the appearance of 
the vertical fringes on this surface. J is then moved until 
the fringes reappear on m (and consequently m’ and n’ are 
in the same plane or nearly so); and, finally, d is again 
moved until fringes appear simultaneously on m’ and n’, 
the difference being estimated in fractions of a fringe. If 
this fraction ise, then JJ =2I+e. In the present instance, 
2X1212.37=2424.74. The fractions are, however, un- 
certain, and must be corrected by observations with 
cadmium light as before; the corrected value was found 
to be 0.93. The same process is repeated in the compari- 
sons of JJ and JJJ, and so on until the last standard 1X 


* The green and the blue radiations are not quite so simple as the 
red, but are nevertheless valuable in checking the results. 
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is reached.* In comparing the standards it is not impor- 
tant to know the temperature, provided this is the same 
for both. But in the measurement of [YX it is extremely 
important to know the temperature to within one one- 
hundredth of a degree, as measured by thermometers 
carefully tested and whose errors are accurately known. 

Table III gives the results of three independent meas- 
urements of the number of light-waves in the (doubled) 
length of standard 7X (the decimeter). The fact that 


TABLE III 
Series Red Green Blue 
de een 310078. 48 303307.92 416735. 86 
Lees es TOO 7o505 393308. 10 416736.07 
(OMe age 310678. 68 393308. 00 416736.02 


these measurements were made at different times, months 
apart, and by different individuals and still give the same 
result to a few hundredths of a light-wave gives confi- 
dence in the accuracy of the results. 

The final operation is the comparison of the decimeter 
standard /X with the standard meter. For this purpose 
an auxiliary meter X was provided with two diamond 
scratches at a distance apart very nearly equal to a 
meter. An arm extending at right angles from JX has a 
similar mark which is placed as nearly as possible in 
coincidence with one of the meter marks. 7X is then 

t Usually the difference between the first fraction and the corrected 
value is of the order of a tenth of a fringe. There might occasionally be 
an error as large as 0.2 in which case the doubled value is too near one- 
half to make it absolutely sure that the doubled whole number is correct. 
A very valuable check is found in the simultaneous measurements of the 


green and blue radiations. If the whole number is not right, these show 
numbers which are quite discordant. 
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“stepped off” ten times by means of the interferometer 
fringes. The resulting error is, however, multiplied by 
ten (instead of by two asin the comparisons of the smaller 
standards). It is estimated that the error of separate 
determinations may be of the order of one-half a light- 
wave. (The mean of all measurements is doubtless much 
less.) To this error must, however, be added the errors of 
the micrometric measurements of the “coincidences” at 
both ends of the meter bar, and finally the errors of the 
comparison of the auxiliary meter with the standard.t 

The final result of the determination is given in 


Table IV. 
TABLE IV 
NuMBER oF LIGHT-WAVES OF THE THREE 
PRINCIPAL CapMIUM RADIATIONS IN 
THE STANDARD METER* 


Red Waar ce eee 1553163.5 
Green. ee eee 1966240.7 
Bley: aaa ee eee: 2083372.1 


* In air at 15° C. and 760 mm. 


It is estimated that these results are correct to the order 
of one part in two million.? 

The proposition to make use of the yellow light-wave 
of sodium as a fundamental standard of length was made 
many years ago. ‘The method proposed was to measure 
the angle of diffraction of one of the two sodium radia- 
tions produced by a grating. The grating space o was to 

« A copy of the standard meter. The actual standard is not handled, 
and is inspected only once in every ten years. 


2 (The relative accuracy for the three radiations is much greater and 
may correspond to an error of the order of only one part in twenty 
million.) A similar investigation by Fabry and Pérot, utilizing their 
well-known “distance pieces,” gave results of almost exactly the same 
value. 
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be found by a comparison of the end lines of the grat- 
ing with the standard meter. The relation is given by 
X=(c/m) sin 6, where @ is the angle of diffraction, m the 
order of the spectrum, and X the length of the light- 
wave. 

The principal difficulties in the way of realizing such 
a measurement with sufficient accuracy are the following: 
First, the sodium lines are relatively broad and variable. 
Second, the measurement of an angle is always more 
difficult and the results less certain than the measurement 
of distance. Third, the assumption o = constant on which 
the formula depends is not always justified. Fourth, the 
comparison of the distance between the end lines of the 
grating with the standard meter cannot be carried out 
with sufficient accuracy. (The attempt was, however, 
actually made but the result obtained is now known to 
be in error by about three parts in a hundred thousand.) 

Long before this proposal, the need for a so-called 
“absolute” standard of length was felt, and two standards 
were proposed which it was hoped would fulfil the re- 
quirements. One of these was the length of a pendulum 
which swings once in a second at Paris. Such a Kater 
pendulum, consisting of two knife edges with a heavy 
mass between, is adjusted so that the times of swing are 
exactly the same when swung from either knife edge, 
when the length of the equivalent simple pendulum is 
~ equal to the measured distance between the knife edges. 
It was found on trial that the errors of measurement were 
considerably greater than expected. 

A second attempt consisted in the establishment of 
the forty-millionth part of the earth’s circumference as 
the standard meter, and, in fact, this was legally enacted 
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and furnished the original standard meter. It proved, 
however, as the results of several of the very costly in- 
vestigations of the measurement of a given arc of the 
meridian (from which, and knowing the latitudes of the 
two ends, the whole circumference could be found) that 
this measurement was also too inaccurate to serve, so 
that the actual legal standard today is the quite arbitrary 
distance between two lines ruled on a bar of an alloy of 
platinum and iridium. (This alloy possesses hardness and 
durability in very high degree.) 

But though every care may be taken to insure the 
safety of this arbitrary standard, it is certainly not safe 
to rely on its permanence when considering quantities 
to the order of one-millionth. The length of the light- 
wave of radiations of vapor of cadmium under proper 
conditions has been proved constant and reproducible 
at will with an error less than one part in two million.’ 

t There is no doubt that the order of accuracy could be still further 
increased—say, to the order of one in ten million—if it should be thought 
desirable to make the light-wave (of cadmium vapor, or possibly of some 
other radiation still more nearly homogeneous) the legal standard. 

It would hardly be worth while to attempt this if the purpose be 
merely to control the length of the present standard which is determined 
by the distance between relatively coarse and irregular lines, such as 
would hardly admit of measurements of this high order of accuracy. 


Tt may be mentioned that decimeter standards are now furnished by 
the Bureau of Standards containing a given number of light-waves. 


CHAPTER VI 
DIFFRACTION 


When a beam of light is limited by an opaque screen 
with an aperture, the light continues not only in the direc- 
tion limited by the projection of the borders of the aper- 
ture, but also into the geometrical shadow. The phe- 
nomenon called “diffraction” is a special case of inter- 
ference, and is readily explained in its main features by 
means of Huyghens’ principle together with the principle 
of interference. ‘Thus the effect of any wave-front at a 
point farther along in the path will be found by summing 
up the effects of the elementary wavelets whose centers 
are continuously distributed over the surface of the wave- 
front. In the general case, this leads to integrals which 
cannot be evaluated except by processes of approxima- 
tion. . 

In the most important case which arises in practice, 
namely, the investigation of the diffraction figure at the 
focus of a lens or mirror, the problem is much simplified. 
Before proceeding to the investigation, however, it is 
necessary to deduce the expression for the effect of an 
elementary wavelet. This can be accomplished in ele- 
mentary fashion as follows. Assume that the amplitude 
of the effect at the focus is proportional (1) to the area 
of the element of wave-front dS, (2) inversely propor- 
tional to the distance p, and (3) independent of the in- 


tLord Rayleigh, Scientific Papers, Vol. If. 
5 
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clination. If the disturbance at the original wave-front 
be 
V=cos kat , 


where k=27/X, then that at the given point (distant p 
from dS) will be 


av == cos k(at—p) , 


and the total effect of the entire wave will be 


Ie cos k(at—p) , 


where the integration is extended over the entire aper- 
CULG: 

To test this result, consider a plane wave of unlimited 
extent. Let dS =2mrdr=-2mpdp, whence 


Waar {cos k(at—p)dp , 
o=f 
or 

W =x sin k(at—/f) 
instead of 

W= cos k(at—f). 


In order to obtain the correct result, the disturbance pro- 
duced by the elementary wavelet should be 


= 2 Saee 
oh es: sin k(at—p) . (1) 
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If x, y, z are the co-ordinates of dS and &, 7, ¢ those of the 
point in the diffraction pattern, then to small quantities 
of the second order in the focal plane, or to quantities of 
the fourth order in the focal sphere of radius /, 


pf (2) 


Replacing ds/p by dxdy/f, and putting kE/f=u and kn/f= 
v, and counting time from the instant the wave reaches 
the focus, 


Wao sin (kat+-ux-+ vy)dxdy , 


whence, if ka=n 


Wax [os (ux+vy)+sin nt dxdy 


tf fom (ux+vy)-cos nt dxdy . 


The preceding formula applies only when the inci- 
dent wave is constant in amplitude and phase over the 
entire surface. In the most general case, if @ represents 
the amplitude and y the phase, both being functions of « 
and y, then the initial vibration will be represented by 


(3) 


V=6 cos (ni+y) , 


and the corresponding vibration at the focus will be 


W= =e sin (nt-+ux+vy+y)dady . (4) 
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Putting 
oo. fe cos (ux+vy+y) dxdy 
(5) 
s=x[ fe sin (ux-+vy+y) dxdy , 
the vibration at the focal plane will be’ 
W=S cos nt—C sin nt, (6) 
and the intensity of the diffraction pattern will be 
l=@7S*. (7) 


Take, as an illustration, V=cos nt for «=a and 
zero for all other values. 


D.(V) =2 cos nt cos ua 
DiDiv) =a cos nt cos ua cos uxdu 


= |= (ota)e , sin we 


Gomes ae [ees nt. 


If the integration is from —© to ©, the parenthesis is 
zero except for «= =a, and for these values it is 


DD(V)=cos ni=V. 


* If a spherical mirror be made to coincide with the “focal sphere,” 
an image of the source will be formed at the original wave surface. This 
image may also be considered as the resultant of the disturbance at the 
focal sphere. Hence if D(V) represents the operation by which W was 
obtained from V, 

W=D(V), 
but by the image 

V=D(W) 

V=DIDV 
an operation which is the exact equivalent of the Fourier formula but in 
two dimensions (see Philosophical Magazine [April, 1905]). 
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Let it be required to find the diffraction screen which 
shall produce a given diffraction figure. Let the vibration 
at the screen be 


W =sin nt 


between —a and a, and zero at all other values. The 
vibration at the screen will be 


v= [_ [cos uxdx] cos nt+dx 


Or 10 Wo 


This has negative as well as positive values of the ampli- 
tude, and could not be realized by a screen acting by 
opacity alone. 

An appropriate phase factor may be introduced by 
placing in front of the opacity screen, such as is repre- 
sented in Figure 32A, a plane-parallel glass plate such as 
that represented in Figure 32B, in which the alternate 
rectangles have been etched in hydrofluoric acid so as to 
introduce a phase difference of half a light-wave. 

Figure 33 shows at A the screen which produces the 
diffraction figure, the graph of which is represented in 
Figure 32A and an actual photograph of which is shown 
in Figure 33B. The appearance produced by the combina- 
tion represented in Figure 32A and Bis equivalent to the 
photograph represented in Figure 33C. With such a 
combination for a diffracting screen the diffraction 
figure 33D was obtained. 

The formulas giving the relation of the diffraction 
figure to the diffraction screen are the same in form as 
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those expressing the distribution of light in the spectrum 
of anon-homogeneous source in terms of the ‘‘visibility.” 


Fic. 33.—A, rectangular aperture producing the diffraction figure B. 
C, photograph produced by moving A, B (Fig. 32) vertically. This com- 
bination used as a diffracting screen gives at the focus the figure D, 
which is nearly identical with A. 


Accordingly, if a grating reflects light whose ampli- 
tude is the same function of « as the visibility curve is of 
D, then the spectrum produced by the grating in homo- 
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geneous light will be of the same form as the true spec- 
trum of the non-homogeneous source. 


sin ka 


Thus if visibility = an then /,=intensity of true 


spectrum = constant from a to —a and zero for all other 
values. And if ¢(x) for the grating= 9 “2 (which may 


be realized as previously indicated in Figure 32 with an 
appropriate phase plate), then J=constant from 6 to —6 
and zero for all other values. Complete similarity is 
lacking, however, as there is no phase relation between the 
elements of the true spectrum. 

For ® and y constant (b=1, y=o), 


"C= fcos (ux-+ vy)dxdy 


and 


MS = f fssin (ux-+ vy) dady 
For an even symmetrical aperture, 


C= f COS ux COS ae 
WS=o. 


and 


_ RECTANGULAR APERTURE 
Let «;=¢, y,=0, giving 
Ga E sin 4 ua sin 4 ai 


ce Mo -aua #06 


Restoring the values of # and v, and (for small angles) re- 
placing the sine by the arc, putting a,.=)/a, and Bo=h/0, 


2 


(8) me i ats B 
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The intensity is zero for a=ma,=md/a and for B=nB.= 
n\/b. The maxima occur for 7 * =tan a and for 7 i 
Qo 0 ° 
=tan 7 giving 


oO 


for 
@:=1.43 A/a ee 


for 
2 2: 
az=2-40 A/@ i= (=) 
euGe Cue 


For large m, 


2 2 
Cm= (m+ 3)rA/a Vee le=na 5 


with similar values for Bn. 


RESOLVING POWER 


In the preceding problem, the wave-front incident 
upon the lens proceeds from a single luminous point 
and the center of the diffraction pattern corresponds to 
the geometric image of the point source. If there are two 
such point sources, as in the case of a double star, each 
forms its corresponding diffraction pattern, and so long 
as these are separated by angles large compared with 
a,=/a, there is no difficulty in distinguishing them as a 
doublet. Lord Rayleigh gives this value’ as the “‘limit 
of resolution.” 

To find the limit of separation for the microscope, 
let 2a be the angular aperture of the objective at the 


«If the aperture be circular, as is usual with telescopes, this limit is 
Tee2e Nae . 


Frc. 34.—Photograph of the diffraction pattern produced by a rec- 
tangular aperture. 


Frc. 38.—Photograph of the diffraction pattern circular aperture 
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object and 28 the angle subtended by the objective at the 
image. Let op (Fig. 35) be the separation of two points 


a 


ot 
S 


b 
FIG. 35 


or lines just resolvable. Then by the Rayleigh criterion 
the image 


Xr 
Veg ee ee 
ON Pn B 
But 
op’ sina 
op sin Bp 
Hence 
oN 
oe “2 sin a 


for air. If the objective is an immersion lens, the medium 
having an index of refraction p, then 


r 
e= : : 
2u sin a 


CIRCULAR APERTURE 


From the perfect symmetry of the case it is imma- 
terial which radius is taken parallel to w. Accordingly, 
letting v=o and integrating for y between limits 


VY R?—22, 


ca aR'{ V 1—w? cos nodw , 


I 
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EE wake and I lie The integral C is 
ls 7 fe 
given in Airy’s tables. The values of the maxima and 


minima are as shown in Table V. 


in which = 


TABLE V 
I a/a, a/ ag I 
First max....| 1.000 = neat ein wee bs 
Second max. . | 0.01745 me Be : 
Third max. ..] 0.004 2.67 Second min.) 2. 23 iS 


The graph of / is given in Figure 36, together with that 
for a rectangular aperture (Fig. 37). Figure 38 (facing 
p. 62) shows a photograph of the diffraction pattern. The 


ae) 


0.5. 


Fic. 37 


first minimum occurs at 1.22 d/a so that the limit of 
resolution is a little larger with a circular aperture than 
with a rectangular aperture of the same width. 
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TWO SIMILAR RECTANGULAR APERTURES 
Instead of integrating over the two apertures we may 
make use of the results already obtained. Since the two 
apertures are similar, their corresponding points will have 
a resultant 


I=4A? cosy d STR As 


in which d=distance between centers of apertures. The 
total intensity will be found by giving to A the value 
already obtained in (8). 

For any number of similar equidistant apertures, 
C=Z cos ux and S=2 sin ux, where x=no+8, o being 
the common distance between the apertures. Converting 
to exponentials and taking the product (C+zS) (C—iS) 
and multiplying by A’, the intensity of the diffraction 
pattern of a single aperture, 


I= A? sin? 2 w/sin? w , 


VIE 5 
where w= x o sin @. 


Figure 39 shows the graph of the diffraction pattern 
for n=1, 2, 3, 4, 5, 6, and Figure 4o the corresponding 
photographs, 

The number of cases which might be considered is, 
of course, infinite. Many of these have been treated 
both theoretically and experimentally by Fraunhofer, 
Schwerd, Airy, and others. These results, which were of 
considerable interest in the earlier days of the discussions, 
as proofs of the undulatory theory of light, have since 
lost some of their interest; but some of the experimental 
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FIG. 40 
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verifications are in themselves so interesting that a few 
additional examples are worthy of note. 

The general expression for a number of similar point 
apertures distributed in any manner is 


MPT = R? =C?+S? , in which 


C=2rcos (ux+vy+w) and S=2r sin (ua+vytw),r anda 
being functions of « and y. If phase and intensity are 
both constant, 


C=2Z cos (ux+vy) 
= sin (ux+vy). 


For finite apertures similar and similarly oriented, the 
results are to be multiplied by A?, the intensity of the 
diffraction pattern due to a single aperture. 


Following is the simple arrangement actually em- 
ployed in the observations. Light from a tungsten lamp 
or an arc is concentrated on a pinhole a, Fig. 41, an im- 
age of which is formed by a microscope objective 6 at c, 
whence the light proceeds to the objective of a telescope 
d of 16-inch focal length, forming an image of ¢ at e which 
is viewed by a low-power microscope at f. The diffracting 
screen is placed in front of the objective at s. 

The accompanying figures are photographs of the 
diffraction figures D obtained with a number of screens S, 
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together with the analytical expression for the in- 
tensity. 

If ~ similar apertures are irregularly distributed and 
sufficiently numerous, the resulting pattern is the same 
as that for a single aperture but 7 times as bright. 


BABINET’S THEOREM 


Let J, be the intensity of any diffraction pattern and 
I, the pattern due to a screen in which the opaque and 
the transparent parts are interchanged, 


T,=Ci+Si 
T= Cries. 


The intensity of the diffraction pattern not too near the 
center of the field is approximately zero if the screen is 
removed. Accordingly, 


I,= (Ci: +C.)?+(Si+S.)?=0 
one (CxS —C, 3 See —S; e 
Hence 


The intensity of the diffraction pattern is the same 
for all points except those very near the center. Thus, if 
a glass plate be covered with lycopodium dust, the par- 
ticles being approximately spheres of equal diameter, the 
resulting diffraction figure would be the same (except at 
the center) as that produced by a similar distribution of 
circular apertures of equal diameter. If the diameter of 
the globules is d, the angular semidiameter of the first 
dark ring will be a = 1.22 d/d, from which d may be found 
from the measured value of a in monochromatic light of 
wave-length X. 


I=(cos wa cos vb)?A; 
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I=(1i+2 cos wa)?(1-+2 cos vb)?A; 
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(It is often asserted that the “coronas’’ occasionally 
observed when light fleecy clouds pass over the sun or the 
moon are to be explained in the same way. There may 
be cases of this kind, but such coronas are much more 
frequently due to ice crystals. In fact, the succession of 

colors is the reverse of those due to diffraction.) 


EFFECT OF IMPERFECTIONS IN OPTICAL 
INSTRUMENTS 
The preceding applications of formulas (5) assume a 
uniform intensity and phase over the spherical wave 
surface. The only case likely to arise in practice in which 
the intensity is not constant is ¢(x) =e~*, as in the case 


of the prism spectroscope. Here C 2 |[oe cos uxdx and 
== ff e—“ sin uxdx. If the integral be taken from oto ~, 


the result, 


2/27 (12 os ce? 
NISC + Stes 
is sufficiently near for illustration. Thus, if the intensity 
of the pencil of rays passing through the base of the prism 
be 0.018 of that passing through the apex, ca=4, 


IT rt 


fo r+(1-Fa sin a) 
For sin 6=/a (limit of resolution), [/I,==? (instead of 
zero); therefore the resolving power is diminished. 

Of considerably greater importance are the imper- 
fections due to a departure of the wave form from perfect 
sphericity. This is equivalent to a variation in phase 
which must now be expressed as a given function w of 
« and y. The resulting diffraction figure is found by 
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means of formulas (5), which, however, are simplified by 
the omission of the amplitude factor. Except in the case 
just considered, this is usually permissible. 

Accordingly, if the vibration at the wave surface be 
represented by 


V=cos (nt—y) , 
the intensity of the diffraction pattern will be given by 


MPI = CS? 
in which 


c=ff cos (ux-+vy—y)dxdy 
S=ff sin (ux-+-vy—y)dxdy . 


If ¢ is the departure from sphericity, y =/(x, y) =27 €/X. 

The following simple cases may be treated without 
actually effecting the integration: (1) If e=az, the result 
is equivalent to a change in the direction of the wave- 
front equal to a. Hence the diffraction figure is unaltered 
save for this displacement. (2) Let e=6x?. For a first 
approximation let the wave surface be given by y=«?/2R, 
c 
R 
ure is unaltered if the focus be changed by an amount 
OR = 2BR?, 


whence dy =e == d6—, and 6 2 = 26. The diffraction fig- 


RAYLEIGH’S LIMIT 


From the mode of manufacture of optical surfaces 
these are, in general, surfaces of revolution. Accordingly, 
only even powers of « need be considered in the expres- 
sion for y. Omitting powers higher than «‘, 


y=ax?+bx4. 


I=(cos ua+cos vb)?A? 
FIG. 44 


1=(1+4 cos? wa-+4 cos ua cos V3va)A; 
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The corresponding equation to the generating circle of 
the spherical wave surface is 


y=R-VR—x, 
or, to the same approximation, 


Ah he 
eR aahie 


If now a=1/2R, the difference 
c= (0455) 


and the corresponding difference in phase, y = ha. 
Table VI gives the corresponding values of J at the 


TABLE VI 
h I 
Ot Sean meee. I.00 
TL Ae Ht a OS RAS 95 
TO RT gs eae .80 
it AEDs Mee sen Nera 39 


center of the diffraction figure for given values of k. The 
loss of light for h=7/2 is only 20 per cent, which, in most 
cases, according to Rayleigh, may be tolerated. But 
h=2m7e/X=7/2, whence the permissible error, e=)/4. 

It will be found in practice that this limit of tolerance 
is sufficient in most cases in the usual employment of 
lenses, mirrors, and prisms if the errors are not of a sys- 
tematic character and in particular if they are not peri- 
odic. (For such surfaces as are used in the interferometer 
this limit is much too large.) 
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The limit \/4 applies to the wave-front. If this is 
produced by reflection, the corresponding limit for the 
reflecting surface for normal incidence is \/8, and for a 


refracting surface, . Hence the advantage of the 


r 
4(u—1) 
refractor over the reflector if there were no other con- 
siderations (such as chromatic aberration of refractors 
and their greater cost). 

If the incidence is at an angle 7, it can readily be 
shown that 
Lt ee 

4(cos i—y cos 7) ” 


which for normal incidence gives 


r 
for a refractin 
| 4(u—1) Z 
surface (as above). For a reflector we have merely to put 
u=-—I, giving 
po ee 
8 cosi* 


CHAPTER VII 
TESTING OF OPTICAL SURFACES 


PLANE SURFACES 


These are tested by placing on the surface a test plane 
which is supposed correct to at least the order of accuracy 
required. .The light from a Cooper-Hewitt lamp falls on 
the surfaces at an incidence approximately normal, and 
the interference fringes are observed. If these are straight 
in all azimuths of the test plane relatively to the plane to 
be investigated, the latter is a true plane to the same 
order as the test plane. It is possible to detect an error 
of about 2 per cent of the error corresponding to one 
fringe; that is, of the order of a hundredth of a light-wave 
(a few tenths of 1 per cent is possible under favorable 
conditions and with some practice. In these tests time 
must be allowed for complete equalization of the temper- 
ature; an hour or more may be necessary.) 

The manufacture of the test plane requires three 
working surfaces. These are tested as follows: A and B 
are polished to “fit,” that is, so that the interference 
fringes are straight in all positions. This means that the 
surfaces have equal and opposite curvatures. Next A 
and C are made to fit, and also B and C. This process is 
repeated until all three fits are exact, in which case all 
three surfaces must be plane. Figure 46 shows the ad- 
vancing improvement in a piece of ordinary window glass 
in the process of correction. 
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PLANE-PARALLEL PLATES 


The surfaces being already very nearly plane parallel, 
if illuminated by light from a Cooper-Hewitt lamp or 
other source of approximately 
homogeneous radiations, show 
circular interference bands 
which may be observed either 
by the unaided eye, or better, 
by a low-power telescope. 

If the surfaces are not strict- 
ly parallel, there will be a 
change in the diameter of the 
circles as the plate is moved 
parallel with its surface. These 
are accordingly corrected by 
local retouching until there is 
no perceptible change. 


TESTING OF ANGLES 

In a recent modification of 
the method of the measure- 
ment of the velocity of light, 
it was necessary to provide 
an octagonal revolving mir- 
ror in which the angles were 
to be correct to within one part 
in a million. This was accom- 
plished by the use of the test 
angle described on page 134, in 
chapter xii on the Velocity of 
Fic. 46 Light. 
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SPHERICAL SURFACES 


The surface to be tested is illuminated by light from a 
pinhole at s (Fig. 47), forming an image at e which is 
just obstructed by the knife edge at e. If the eye be 


eI 
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placed at e, all parts of the surface should be dark. But 
any departure from sphericity will be manifested by 
corresponding illumination at the defective part. 

In the case of a telescope objective, a plane mirror 
is placed behind the objective, as in Figure 48. The same 


arrangement is employed for the detection of defects in 
homogeneity of optical media (striae, etc.), the specimen 
in the shape of a plane-parallel plate being placed as in 
P of Figure 48. 

For astronomical reflectors, the surface must be para- 
boloidal and the test is modified accordingly, as shown in 
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Figure 49. The light from the pinhole at s falls on the 
paraboloid at P, whence it is reflected to the plane mirror 
at R, retracing its path approximately so as to form the 
image at the knife edge e. There will be a certain astig- 


Fic. 49 


matism in such an arrangement, which may be obviated 
by making R a plane-parallel plate lightly silvered on the 
front surface, as in Figure 50. 
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INTERFERENCE TEST 
Light from a Nernst glower is concentrated on a slit s 
(Fig. 51) by a microscope objective! 0 whence by a total 


"The microscope objective should be tested and used only if prac- 
tically free from defects. 
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reflection prism it proceeds to the spherical surface to 
be tested. The image of the slit is formed immediately 
above the prism, and is viewed by a microscope with 
a 6-mm objective. A series of screens with two aper- 


Ql 
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tures Q and P are placed before the mirror, P over the 

center, and Q at varying distances from the center. 
Interference bands are observed in the microscope, 

the central band corresponding exactly with the center 


Fic. 52 Fic. 53 


of the slit image if the mirror is perfect. The distance _ 
between the center of the band and the slit image in 
fractions of the band-width gives twice the error of the 
surface at Q. 

The same process may be area to a lens by backing 
the lens with a plane mirror. With evident modifications, 
the same method applies to prisms and gratings, in which 
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case the source of light must, however, be approximately 
monochromatic. In this case, however, the interferometer 
method as shown in Figure 52, or even more simply, as in 
Figure 53, may be applied. In either case the interference 
fringes are concentric circles; and if the grating is perfect, 
the diameter of the circles remains constant when the eye 
is moved in any direction over the surface. 


ON THE LIMIT OF ACCURACY IN OPTICAL 
MEASUREMENT 


Any accurate measurement of the position of the 
image of a minute source, such as a pinhole or a narrow 
slit, or a line ruled on glass or metal (which may be bright 
on dark ground or the reverse), is effected by adjusting 
the crosshair of a micrometer to “coincidence”’ with the 
image. One of the simplest methods of making coinci- 
dence is to bisect the image by the crosshair. Another 
method is to bisect the distance between a pair of parallel 
crosshairs by the image. In either case, if 6 is the angle 
subtended by the image (or, in the second method, by the 
distance between the crosshairs), and 68 is the average 
error of a setting, experiment shows that 


aB=b+c8 , (1) 


in which 0 and ¢ are constants which vary somewhat with 
the observer, and even with the same observer on differ- 
ent occasions. (In my own case, 6-=5”’ with occasional 
values as low as 2’, and ¢=0.0025.) 

It may be noted that the observations are very un- 
certain, especially if the number is small, the most im- 
portant difhculty being that of maintaining the constancy 
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of the particular phase of the diffraction image on which 
the setting is made. The image is often slightly unsym- 
metrical, which makes the result still more uncertain. 
Another serious complication arises from the circum- 
stance that the attention and care in making a setting will 
be apt to vary (for example, by fatigue) during the prog- 
ress of the series, with resulting errors much larger than 
the average. 

Formula (1) may be applied to either telescope or 
microscope. In either case, let F be the distance of the 
image from the objective, f the focal length of the objec- 
tive, and /; that of the eyepiece. 


TELESCOPE 


If a is the apparent diameter of the image as viewed 
from the objective, and 0a the average error of setting, 


aa="(b+66) 
or (2) 
aa=hb+ca FE 


(In the case of a point source a=2a,=2.44d/a, where a 
is the diameter of the objective.) 

From this it follows that to obtain the highest attain- 
able accuracy, the magnification M=F/f, should be 
-considerably greater than ide , say ls . Thus, for the 

2009 2609 
100 inch at Mount Wilson, a,=0o"’05, whence M =60,000. 
Clearly such a high power would be impracticable, both 
on account of the weakening of illumination and of the 
very limited field and consequent difficulty of keeping the 
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telescope properly pointed. A magnification of 3,000, 
however, is not unusual. For this, and with. perfect 
seeing,’ 

0a=07%002. 


(The probable error would be about one-fourth as large, 
or 0”0005.) 

There are two sources of error somewhat difficult to 
allow for. The first is that due to faulty focusing which 
introduces errors of parallax, which may in ordinary 
work be extremely small, but which cannot be ignored 
in measurements of highest precision. The second is that 
due to the motion of the image due to atmospheric dis- 
turbances. Such can hardly be attributed to poor “see- 
ing”’; yet it is, of course, a modification of the confusion 
produced by the same cause. In the former case, there is 
relatively slow motion of the sharp image, while, in the 
second, there is an integration in time or space or both 
which produces confusion. Such effects may also be due 
to vibrations or actual displacements. 

In the following example, the objective consisted of a 
pair of 6-inch objectives of too-inch focal length, made 
by G. W. Hewitt and presented by Elihu Thompson. The 
source was a narrow slit illuminated by a tungsten lamp, 
the light being filtered through a blue-green gelatin film. 
The source, placed at roo inches from the pair of objec- 
tives, gave an image at an equal distance beyond, which 
was viewed by eyepieces giving magnifications of 50, 100, 

«If dis the reduced diameter of the objective necessary to show 
diffraction rings, then this is the value to be. used instead of a. For the 


utilization of such a diaphragm for measuring the “seeing,” see Yearbook 
of the Carnegie Institution (1922), p. 245. 
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200, and 300. The results for the average error of a setting 
agreed with the values given by 


MG= 


to quantities of the order of o%o1. M is the magnification 


and a,=1.22A/a. 
THE MICROSCOPE 


If, in formula (2), we substitute e/f for a, in which 
e=€+e., and e,=twice the limit of resolution, or 
oN 
sin ¢/2’ 


opject to border of objective, 


= "y+ 04 ae (3) 


e.=diameter of object, and f=distance from 


or 


_f yw sin 2) 


he? (m= sin y/2 


g@=angular aperture from object, y=angular aperture 
from image. 

This expression for the average error in setting 
may also be used for an independent determination of 
the constants. A series of micrometric measurements 
with varying objectives and eyepieces gave b=6” and 
cC=0.003, in good agreement with the results obtained 
with the telescope. Among these was one with a=8 mm, 
f=6.5 mm, f:=16 mm, and f= 200 mm, for which, there- 


1.0, giving 


r 
fore, «(= €) = sin ¢/2° 


D€cale = O4O1Q 
while 
0€,55 =O0H020. 
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THE SIGHT TUBE 


Finally, these constants may be determined by the 
“sight tube” without any of the complications of the 
lenses. A tube a meter in length was provided at the eye 
end with a circular diaphragm 1 mm in diameter, and at 
the other end with a pair of sight marks of the form indi- 
cated (Fig. 54). The tube was mounted on a vertical 
axis and the sights were made to “‘bisect” a distant il- 
luminated circular aperture, the angle of the sight tube 
being read off by mirror and telescope. The final result of 
such a series of measurements gave b=2"8. The prob- 

able error of naked-eye observations 
with the sight tube is about one second 
of arc. 


THE INTERFEROMETER 


The interferometer as ordinarily 
employed produces interference bands 
whose width, w=/¢, where ¢ is the 
inclination of the two interfering pencils. Two sets of 
measurements (the first at the bisection of a dark fringe, 
and the second at the bisection of a bright fringe) gave 
the following results: 


Fic. 54 


Dark Fringe Bright Fringe 
ow 
C=—+—=}.01r —=F.. OG) 
ae Cc 57 


In a very bright light, the physiological effect (as also 
the photographic effect on overexposure) is such as to 
diminish the apparent width (of the dark fringe in the 
former case, and the bright fringe in the latter). Under 
these conditions a second series of measurements gave 


C= .0035. 
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A still higher degree of accuracy is obtained by re- 
peated reflections produced by the two half-silvered plates 
as in the Fabry-Perot apparatus. Three trials were 
made with such an arrangement, the first with a chemical 
silver deposit transmitting only 1 per cent of the light. 
The second was a sputtered gold deposit of about the 
same transmission, while the third was a sputtered silver 
deposit transmitting about to per cent. These gave as 
the mean value 


C=.0025. 


The average error in the angular position of the cen- 
tral fringe is 


dB=b+cB , 


where G=rw/f (r=1 for a single reflection; but as ob- 
served in a very bright light, or in overexposed photo- 
graphs, 7 is less than unity; and with repeated reflections, 
as in the Fabry-Perot apparatus, 7 may be of the order 
of .o5). The fringe width w=)/¢, where ¢ is the inclina- 
tion of the two interfering pencils. Hence 


as 


oar . 


If de is the average error in distance, 
de= $f:08B=bfiptcrr . 
But ¢ may be made as small as desired, whence 


Oe= .00257rA . 


84 STUDIES IN OPTICS 
With only one reflection, and for \=o+6, 


0€=OHOOTS , 


while with repeated reflections (r=.05), 5€ =0#000075. 
In the form of apparatus which permits of multiple 
reflections (in which as many as twenty have been ob- 
served), the results of actual measurement gave for the 
constant ¢ the value .ors in the tenth order. This would 


0.015 3 
correspond to an average error of 57s A, or approxi- 
mately 


de€=0H0002 . 


With carefully polished surfaces it is estimated that c 
may be as small as .o03, corresponding to an average error 


0€=0H00004 , 


or one twenty-five millionth of a millimeter. 

Repeated reflections may also be utilized to magnify a 
change in the difference of path between two interfering pen- 
cils of light, and thereby to measure very small displacements. 
An application of this principle is illustrated in F igure ss. 
which represents the mirror system of a spring gravity meter. 
The heavy lines indicate the silvered portions of the mirrors, 
which are so arranged that the beam of light is divided at a, 
one portion being reflected many times in the upper space, and 
the other in the lower space. The two beams are reunited at b. 
The plate P is mounted on a long quartz spring lever. A slight 
downward motion of P results in an increase of the upper path 
and a decrease of the lower path, with a resultant displace- 
ment of the interference fringes. 
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The number of reflections may be increased as much 


as twenty fold, with a corresponding increase in the ac- 
curacy of measurement. 


WAVAVAVVAS 
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CHAPTER: VII 
DIFFRACTION GRATINGS 


The expression for the intensity of the diffraction 
figure for any number z of equidistant similar apertures 
is 

_ , sin?nw 


T=A ‘ 


sin?w 


in which w=na/X sin 6, o=distance between apertures, 
and A =intensity of the diffraction figure due to a single 
aperture. If is very large, the intensity is approximately 
zero except for ' 

sin 0=m)\/c . 


If the apertures are long and narrow rectangular slits, the 
screen is called a “diffraction grating.” 

The incident light is diffracted in directions @ depend- 
ing on the wave-length, and is thus analyzed into its 
constituent colors in the form of a spectrum. The inci- 
dent wave-front is supposed to coincide with the (plane) — 
diffraction screen or grating. If the plane wave-front is 
inclined at an angle 7, the formula becomes 


sin i+sin 6=m)/o . (1) 


The incident wave emanates from a point source; but 

the result is the same, except for intensity, if the source 

be a very narrow slit parallel with the length of the aper- 

tures. In practice, the slit is in the focus of a collimat- 

ing telescope from which the light issues as a parallel 
86 
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beam and is diffracted as a parallel beam which, by an 
observing or a photographic objective, is brought to a 
focus where, in monochromatic light, it forms an image 
of the slit. The resulting spectrum is thus a succession 
of such slit images. 

The change in the angle 6 corresponding to a given 
change in wave-length is called the dispersion D=d6/d). 
Differentiating equation (1) for 7=constant, 


CONE Bon 
dy «cos @’ 


or, if / is the length of the grating and a the width of the 
beam of light entering the telescope, and if the grating 
space a is replaced by the reciprocal of 2,, the number of 
apertures per centimeter, 


o = (mn)l/a . (2) 


The resolving power may be defined as the reciprocal 
of the ratio 6\/ where 6) is the smallest difference in 
wave-length which can be resolved, or 


nN 
R=~. GS) 


The limit of resolution of the observing telescope (of 
rectilinear aperture a) is 69=X/a, which in equation 


(2) gives 
R=(mm)l, (3a) 


_or if the total number of apertures is 7 =n,/, 


R=mn . (30) 
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From equations (2) and (3a), 
R=aD. (3¢) 


Finally, if the value of m from (1) is substituted in (36), 
R=< (sin i+sin 6) . (3d) 


The maximum resolving power is attained for grazing 
incidence and diffraction; but in this case the intensity 
would be vanishingly small. Practically the maximum 
resolving power may be taken as 


R=a.75/d, (3e) 


and is independent of the grating space. Thus, for a grat- 
ing /=200 mm long and for light of wave-length \= 
.0005 mm, 


R=700,000 . 


Such a grating would separate the components of a doub- 
let of only one seven-hundredth of the distance between 
the sodium lines. 


DISPERSION AND RESOLVING POWER OF PRISMS 


The difference in optical path of the extreme portions 
of a wave-front originally and ultimately plane may be 
represented by 


J auds— f ouds,= ade . 


If u, the index of refraction, is constant for the two paths 
as in the case of prisms, 


00=du(s—s,)/a , 
* Rayleigh Scientific Papers. 
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or if / is the base of the prism, 


d0 dy 
06/du=1/a= i ) 
whence the dispersion 
ec op 
Ear dy ~ (4) 


The condition for the limit of resolution is 69 =)/a, which 
gives 


(5) 


Let it be proposed to find the number of prisms of 
dense flint glass which gives the same resolving power as a 
grating whose length is the same as that of the base of 
one prism. Equating the values of R in (3e) and (s) 
and replacing / by NL in (5) gives NA du/dA=1.75. For 
dense flint glass \du/d\=o0.11 whence N= 16. 


BRIGHTNESS OF GRATING SPECTRA 
For a grating acting by opacity only, the intensity 
is expressed by 
7a (x sin 6 a/d) 
(x sin @a/r)? ’? 


but sin @=m2/c, hence 

_ sin? mr a/o 

(mm a/c)? * 
For a grating in which the opaque and the reflecting parts 
are of equal width, a=a/2, so that 


_ sin? gm 
(amr)? * 
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If the intensity of the central image be taken as unity, the 
‘ intensities of the successive orders will be approximately 
0.4, 0.0, 0.044, 0.0, 0.016, etc., showing the rapid falling 
off of intensity in the spectra of higher order. 

This circumstance would have to be taken into ac- 
count in the comparison between the performance of the 
grating and that of the prism. It would be of great ad- 
vantage to observe in a low order. Let this be the first 
(m=1). The resolving power R would then be m, the 
number of ruled lines, whence n=1.75 1/X, which would 
give for the grating space o=)/1.75. Gratings with 
rulings as close as this would, however, be difficult to 
manufacture.’ 

But gratings act by “retardation of phase” as well as 
by “opacity,” and in some cases the former is the essen- 
tial factor, and for such gratings the preceding result 
may be profoundly modified. 


PHASE GRATINGS 
General case.—If the vibration at the diffraction screen 
is V=¢ sin ni+y cos nt, the resulting disturbance at the 
focus will be 
w={¢ sin (nt— ux) dx+ fv cos (nt—ux)dx 
or 


W =sin nt L fe cos ux det fy sin ux dr | 


—cos nt L fe sin ux dx— fy COS ux dx | 


The intensity of the diffraction pattern is therefore 


[= | fe COs ux dx+ fv sin ux dx |’ 
Lf sin ux dx— fy cos ux dx |? , 


* A very good 25-mm grating has been ruled with 2,000 lines per mm. 


DIFFRACTION GRATINGS Or 


If the diffraction screen is a grating of period «= 27/k, 
¢@ and w may be represented in Fourier series as 


b= Zldm SiN MKxX 
W=Zdm COS MKX . 


The resulting spectrum of mth order will have the in- 
tensity given by 


VIn= anf cos (mx+u)x dx-+am { cos (mx —u)x dx 

+b, | cos (mx+u)x dx-+m { cos (m«—u)x dx. 
The integrals vanish except for 
u=m« for which  In=(dm—bm)? , 


and 


u=—m« for which Im=(dn-+bm)? . 
For the former, sin 6=m d/o ; 


for the latter, sin 0=—md/o. 
If now all the spectra are to vanish except the mth, then 


tan w=tan mkx 
270 
= MKLE 2M =~ 2y cos? 6/2 , 


where y is the depression in the surface produced by the 
ruling tool. But from sin @=mX/c, this becomes 


sin (ath r) =2y cos? 0/2, 
m 
whence 


n 
{pe 6/2, 
y € mo) tan /2 
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the graph of which is shown in Figure 56. (This result 
might have been anticipated from the circumstance that 
in order to reflect the nor- 
| Seaeiesia ieee eae | mally incident light at the 
angle @ the reflecting sur- 
face must be inclined to 
the plane of the grating 
at the angle 6/2.) 

Attempts to realize 
gratings of this character 
have generally met with 
only moderate success. For this purpose, a fragment of 
diamond is selected of appropriate shape and properly 
inclined. The resulting rulings frequently give spectra 
which are abnormally bright in one order. In consequence 
of the wearing away of the cutting edge, however, large 
gratings of this character are rather rare. It will be 
shown in the next chapter how the required result may 
be obtained by the ‘‘echelon.”’ 
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EFFECT OF ERRORS OF DIFFRACTION GRATINGS 


The permissible error in ruling may be found from the 
Rayleigh limit. If this be represented by e, then 


a aN eC: 
4(sin i+sin 0) 4m ° 


In practice it is convenient to distinguish three types of 

error. These, together with an approximate estimation 

of the corresponding permissible error in ruling are 
Irregular? cc2 ee eee I.00X 


OyStematicu. 6: ee .20X 
Periodic?) = ace ane .O5A 
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Such estimates will of course depend on the character 
of the systematic error, and a more precise value will be 
found by an investigation of the character of the resulting 
spectrum. 

The most general expressions for the amplitude of the 
light at the diffracting surface is 


b=f(x) cos (xx—8) , 
where —— , and f(x) and @ are both functions of x. If 


this be substituted in the general formula for the diffrac- 
tion pattern 


C= f f(x) cos (kx— 8B) cos (ux—y) dx , 
or 

C= f f(x) cos [(e—)x—(8-Y)] dv 
and 


S= {f(2) sin [&¢—w)x— (6—Y)] ae 


(omitting the spectrum corresponding to [k-+w]). 
But these formulae are the same as those of (5) 
(p. 58) (Diffraction) if in these we put 


f(x) for ® 
B—w for p 
u—« for u 
J=0% 
But 
aT. 


u—K=> sin g—* =" (sin 6—sin 6,) 
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This is accordingly the value to be substituted for win the 
expressions 


C= {f(a cos ux dx 
S= ff@) sin ux dx . 


As examples of the application of these expressions, con- 
sider, first, the grating ¢=e7® cos kx. 


} 
c= fe cos ux dx 
(eo) 
7 
S= | e-@ sin ux dx 
fe} 


from which the approximate value of the intensity of the 
diffraction image is 
2 
in which 
aoe 


Ue 


L cos 006 ; 

or since / cos @=a, the width of the beam entering the ob- 
serving telescope, and putting a,=\/a and a=60= angu- 
lar distance from 6=mX/c, 


ul =2Ta/ da . 


Figure 57 gives the graph of I for c=4/I (dotted line) 
together with that for c=o (full line), and shows that the 
resolving power in the former case is roughly three-fourths 
of that of the latter. - 

Take, as a second example, a kind of error which is 
apt to occur in consequence of the accumulation of pres- 
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sure of the driving mechanism in ruling engines and its 
sudden release, thus producing a sudden change of phase 
without change of spacing in the remaining parts of the 
grating. There may be several such changes, in which case 
the resulting grating would be no better than one whose 
length is the average of the lengths of constant spacing. 
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Consider a grating in which the phase change, 28, 
occurs at the middle, that is, 6=cos (xv—) for the first 
half and @=cos (xx+) for the last half. Then wC= 
sin B—sin (8—ul), and uS=o. This gives for J=C? the 
same value as for a “plane” surface one-half of which is 


r : 
lower than the other by the amount e=> 6. The in- 


tensity of the diffraction figure is represented in Figure 58 
for B=o, 7/4, 7/2, and z. 
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20 -T 0 7 27 
Fic. 58 


Asa third illustration, consider the case of a uniformly 
increasing grating space corresponding to 


o=Oo+cx, 
whence approximately 


B= 20cx?/o? , 
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and the result is the same as that of a plane wave with 
this phase error, namely, an alteration in focus, the 
amount of which is 6f = 2cAf?/o. 

In general, any error in the ruling of a diffraction 
grating may be compensated by an appropriate change 
in phase, such as could be produced in an interposed 
plane-parallel plate by etching in dilute hydrofluoric 
acid. 

GHOSTS 

In consequence of the method of ruling (by means of 
a screw), the ruling will always have a periodic error, the 
period being the step of the screw." 

Let 


(x) =COS mKXDdy COS NgX Kk=2n/o 
+sin mxkxZb, sin ngqx Q=2n/s . 
The mth element of the summation is 
gn(Xx) =Cos mKx+dy COS NYX COS mKX 


+5, sin nqx sin mx . 


This value substituted in 
fl/2 
C= B(x) cos uxdx (S'=o) 
—I/2 
gives for the intensity of the mth ghost, 
for = = MK or sin 0= m/e laa 
for +u=mxtngorsind=md/o+nd/s I=(datbn)? 


and for =“=mx—nq orsin@=md/o—mnd/s  IT=(dn—bn)? . 
ak 
The distance between ghosts, 0, 1S @ cerns 


t Similar effects arise from any other periodic change in the trans- 
mission, such as gears, belting, etc. 
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Let it be required to find the intensity of the mth ghost 
relative to that of the main line for a grating the nth 
element of which is 


ML Men . 
$(x)=cos 27 (= —— sin ng) 
oO on 


in which ¢,/o is small. This gives 
Ay =I b,=0 
En 
dn= 6 n= 20m, 
o 


whence 


CHAPTER IX 
THE RULING OF DIFFRACTION GRATINGS 


As shown in the preceding chapter, the maximum 
resolving power of a grating is 


R=2l/), 


that is, twice the number of light-waves in the entire 
length of the ruled surface. This shows that neither the 
closeness of the rulings nor the total number of lines™ 
determines this theoretical limit. This can be reached, 
however, only on the condition of an extraordinary 
degree of accuracy in the spacing of the lines. Several 
methods for securing this degree of accuracy have been 
tried but none has proved as effective as the screw. 
This must be of uniform pitch throughout, and the 
periodic errors must be extremely small. For a short 
screw—for example, one sufficient for a grating 2 in- 
ches in length—the problem is not very difficult; but as 
the length of the screw increases, the difficulty increases 
much more rapidly. It was solved by Rowland in some- 
thing over two years. Since this time many problems 
have arisen which demand a higher resolving power than 
even these gratings could furnish.’ 


t Practically, however, since a small number of lines requires a cor- 
respondingly high order of spectrum, and therefore, in general, a low 
intensity results, it is better to have a great number of lines with fairly 
close ruling, e.g., 500 to 1,000 lines per min. 

2 Rowland’s original gratings with about 100,000 lines had a resoly- 
ing power of 150,000. The 63-inch gratings now ruled on the Rowland 
engine have a much higher resolving power, perhaps 400,000. 
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Among these may be mentioned (1) the resolution of 
doublets and groups of lines whose complexity was un- 
suspected until revealed by the methods described in 
chapter iv; (2) the distribution of intensity within 
spectral “lines”; (3) their broadening and displacement 
with temperature and pressure; (4) the effect of magnetic 
and electric field; (5) the displacement of lines in conse- 
quence of motion of the source; (6) the separation of local 
disturbances in the solar atmosphere at different levels 
as shown in Hale’s work with the spectroheliograph; 
(7) to these may now be added the exact measurement of 
the distribution of lines in “series”? spectra, and the 
testing of the various theories which have been proposed 
to account for such distribution. 

- In the hope of increasing the resolving power of the 
diffraction grating to an extent which should materially 
assist in the investigation of such problems, the con- 
struction of a ruling engine was undertaken which could 
furnish gratings with a ruled space of 14 inches for which 
a screw of something over 20 inches is necessary. This 
screw was cut in a specially corrected lathe so that the 
original errors were not very large; and these were re- 
duced by long grinding with very fine carborundum until it 
was judged that the residual errors were sufficiently small 
to be automatically corrected during the process of ruling, 

The principal claim to novelty of treatment of the 
problem lies in the application of interference methods 
to the measurement and correction of these errors. For 
this purpose, one of the interferometer mirrors, A (Fig. 
59), is fixed to the grating carriage, while a standard BC, 
consisting of two mirrors at a fixed distance apart, is 
attached to an auxiliary carriage. When the adjustment 


THE RULING OF DIFFRACTION GRATINGS ror 


is correct for the surface B, interference fringes appear. 
The grating carriage is now moved through the length 
of the standard (one-tenth of a millimeter if the periodic 
error is under investigation; 1o mm or more if the error of 
run is to be determined) when the interference fringes ap- 
pear on the surface C. This operation is repeated, and the 
difference from exact coincidence of the central (achro- 
- matic) fringe with a fiducial mark is measured at each 
step.t The corresponding correction is applied to the 
worm wheel by a simple automatic device which actuates 


| 
uf 
1 
1 
1 
1 
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the screw (for periodic errors) or to the nut which moves 
the grating carriage. In this way the residual errors have 
been almost completely eliminated and the resulting grat- 
ings have very nearly realized their theoretical efficiency. 

A number of minor points may be mentioned which 
have contributed to the success of the undertaking: (a) 
The ways which guide the grating carriage as well as 
those which control the motion of the ruling diamond 
must be very true.? (6) The friction of the grating carriage 


t This difference can be obtained easily to within one-twentieth of the 
fringe width, or to within a millionth of an inch. 

2 These were corrected by an auto-collimating device, the residual 
errors corresponding to deviations from a straight line of less than one 
second of arc. 
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on the ways was diminished to about one-tenth of that 
due to the weight (of grating and carriage) by floating on 
mercury. (c) The longitudinal motion of the screw was 
prevented by resting the spherical end against an op- 
tically plane surface of diamond, adjusted normal to the 
axis of the screw. 

To test the performance of the grating it is set up in 
the Littrow mounting as shown in Figure 60. Light from 
the source (usually a Cooper-Hewitt lamp) is directed to 
the slit s at the focus of an excellent 8-inch achromatic 
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lens Z whence it proceeds as a parallel beam to the grat- 
ing G. The light diffracted from the grating retraces its 
path, with a slight vertical displacement, forming an 
image of the slit immediately below the latter where it 
may be photographed or observed by the eyepiece E. 
Figure 61 (facing p. 108) shows the spectrum of the 
green mercury line, \ 5461, given by a 1o-inch grating in 
the sixth order. The resolving power, as shown by the 
reproduction in which the “width” of the sharper lines 
is about one and one-third divisions of the scale (one di- 
vision equals o.or A.U.), is about 400,000. The original 
negative gives 600,000. The theoretical value is 660,000. 
Doubtless the possibility of ruling a “perfect” grating 
by means of a homogeneous source has occurred to many; 
indeed this was one of the methods first attempted. It 
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may still prove feasible if present attempts to produce 
still larger gratings meet with serious difficulty. Such a 
procedure may be made automatic, and would be inde- 
pendent of the mechanism. 

An even simpler and more direct application of the 
light-waves from a homogeneous source is theoretically 
possible and perhaps experimentally practicable. If a 
point source of such radiation lie in the focus of a collimat- 
ing lens, and the resulting plane wave be reflected at 
normal incidence from a true plane, stationary waves will 
be set up as in the Lippman plates; these will impress 
an inclined photographic plate with parallel bands, thus 
constituting a grating whose resolving power depends 
only on the degree of homogeneity of the source. 


CHAPTER X 
THE ECHELON GRATING 


The attempt to rule gratings which throw all or most 
of the diffracted light into a single spectrum has had only 
a partial and more or less accidental success; and as.the 
ruling diamond wears away even in the ruling of a single 
grating, the results cannot be relied upon in a repetition.? 


Ce Ae ES 472 , 
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The desired result may be obtained in another way 
as follows: If a pile of very accurate plane-parallel plates 
of exactly equal thickness be arranged as shown in 
Figure 62, and light is incident normal to the surfaces as 
shown in the dotted lines, the light will be reflected (and 
also diffracted) normally for such a wave-length that the 
constant difference in path between successive pencils is 
an exact whole number of light-waves. The resulting 

* For very coarse gratings such as the “echelette” of R. W. Wood, in 


which the grating space is of the order of several hundredths of a milli- 
meter, the results may be much more satisfactory. 
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spectrum will show light of this wave-length only at this 
particular angle for which the retardation md = 21. 

The difficulty in realiz- 
ing such a reflecting ‘‘ech- 
elon” is that of insuring 
the exact equality of the 
air space between the 
plates! This difficulty 
does not apply, however, 
to the light transmitted 
by such a system, the re- 
tardation in this case be- 
ing m\=(u—1)t. (m=an 
integer, w=index of re- 
fraction, t=thickness of eee 
the plates.) 

If Figure 63 represents two plates of the echelon, the 
thickness bc =, and the offset ab=s, then the retardation 
in a direction 6 will be m\ = ube —ad. 


m\=pt—t cos +s sin 6, 


or, for small angles, 


md=(u—1)t+s0 . @ 
Differentiating for \ (m=const.) gives the dispersion 
do 1, dp 
FN oxi tn) 9 
é F : du 
or, since m==(u—1)é/X, and putting b=(u—1) ns ; 
do bt 
ee (2) 


Tt is possible that sufficient accuracy might be obtained by “op- 
tical contact.” 
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For constant A 
Add 


Am s’ 
or, if Am=1, the angle between successive orders of 
spectra will be 


Ad=X/s. (3) 


The limit of resolution 
NEA 
ost a (4) 
if #=number of plates. Substituting in (2) gives 


ON AX 
\eaibns : (4a) 


Comparison of (3) and (4) shows that the limit of resolu- 
tion is 1/nth of the separation of consecutive orders. 

If Ad is the difference in wave-length corresponding 
to successive orders, and d) is the required difference in 
wave-length of a spectral line from that of a given line, 
then 

AX 


dé. 


The value of the factor o may be found experimentally 


by counting the number of orders between known solar 
or iron lines, 


The expression for the intensity 


_ sin? 7s0/\ 
(esO/A)tae 
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the graph of which is shown in Figure 64, gives 0,=)/s for 
I=o. This is also the angular distance between spectra. 
‘There will be only two 
spectra p:p2, excepting the 
case in which #, falls at 
6=o0, when there will be 
only one." 

Evidently the echelon 
spectroscope can only be 
used when the width of P B 
the spectral line is less Fic. 64 
than that which corre- 
sponds to A§=X/s, otherwise there will be over-lap- 
ping of successive spectra. This is also an inconveni- 
ence in the case of complicated groups such as occur in 
the spectra of mercury, or in the band spectra of nitrogen, 
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etc., which may be eliminated by crossing the echelon by 
a grating or another echelon. Such an arrangement is 
shown in Figure 65, and Figures 66 and 67 show the spec- 
trum of the sun and of the iron arc taken with this 
arrangement. Figure 68 shows the spectrum of the green 
mercury line. 

« Neglecting the very faint spectra which occur beyond 0=/s. 
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Two other instruments have been devised employing 
essentially the same principle as the echelon, namely, the 
Fabry and Perot apparatus and the Lummer-Gehrcke 
plate. The former consists of two silvered glass plates, 
the silvered surfaces parallel and facing each other. The 
silver films are semi-transparent, and light transmitted or 
reflected from the combination shows concentric circles 
in monochromatic light. The Lummer-Gehrcke plate 
employs the repeated reflections from the two surfaces 
of a very accurately plane-parallel plate. 

In all three instruments there is a constant phase 
retardation 6. If the factor of reflection (or transmis- 
sion) is r, the resultant vibration will be 


R=cos ni+r cos nt cos 6+7? cos nt cos 26+ --: - 
+r sin nt sin 6+7? sin nt sin 26+ - : - 


or, if C is the coefficient of cos né# and S that of sin nt, 


., rreini— tz 
C+iS =—— 
Rae it 
; rne—ind__ 
C15 =a 
he OT 


If [,=1 for 6=o, the resulting intensity is 


eas sin? 6/2 
(iar) 


The angle @ corresponding to any given value of J 
may be obtained by substituting for 6 its value in terms 
of 6, 


LOCA COO 


POO 8 A Ro OAH 
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This for the echelon is given by 


TSO 
—— = mr ——- 
nN 18 NS 
in which m is an integer 
4 Pe TSO 
sin=sin— 


10g 


or if 0, be the angular separation of two successive orders 


of spectra, 0, => » whence 


70 


sin td =f 
—=sin 
2 Ome 


and the formula for the echelon becomes 


fe ; 
I hess: sin? 47 — 


= /|. 


in which r=amplitude transmission factor. 


For the Fabry-Perot instrument the retardation 


d= 2t cos 6-=2t—i6?, whence 


0 at A‘ 
lect 


or, if =m (integer), 


OM TTE 
Lian ie — 2 m 
sin 3 Sin * 
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If 6, is the angle corresponding to a difference of path ), 


GP -* » whence 


in which r=amplitude reflection factor. 
An echelon of fourteen elements for which r=.g99 gave 


for limit of resolution “ ae agreeing fairly well with 


calculation.t 
A Perot and Fabry apparatus for which 7? =.9 gave 


ee 


(eS 

tIt may be possible to construct a reflecting echelon by silvering 
the surfaces of a transmission echelon whose surfaces are in optical con- 
tact. For such an echelon r=1 and the expression for the limit of resolu- 


: 60 
tion reduces to —=- , 
Ox n 


me had nee NN Peas 
The limit, in terms of X, is given by C= =e which is the same as the 


extreme value for a grating of equal length under grazing incidence. 


CHAPTER XI 


APPLICATION OF INTERFERENCE TO 
ASTRONOMY 


The preceding diffraction formulae apply to the case 
of a single point source. If the object presents a number 
of such points, the total effect at the focus would be 
given by the summation of the individual intensities' 


T=2,(C-+5%) , 


in which, if #, and v, are the co-ordinates of the mth point, 


ten fe cos [(%t—Un)x+(v—v,)y+y]dxdy 


Coe fe sin [(a—tn)x+(v—dn)y+yldxdy . 


In the case of constant ® and y for points sufficiently 
near to v=o, omitting the constant factor, 


C= | cos (u—uUn)x dx 
S= f sin (u—Un)x dx. 


In the particular case of two equal rectangular aper- 


tures 
f =A? cos? s(a— an) 


sin : a(a— an) 
A=————__ 
5 a(a= an) 


t The elements of sources are luminous points which have no con- 


stant phase relation. 
UrT 
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in which a is the width of the apertures and s the distance 
apart of their centers. If a is small compared with s, A 
will be approximately equal to unity. 

For a continuous group the summation becomes an 
integration. Replacing a, by a and a by 8, and putting 
¢(a)da for the intensity of a strip of the object of width 
da, 


T= { 9(a) cos ¥ s(8—«) da 
or if 


25 sB=0 c= { 0 cos kada 


S= {$(0) sin ka da P= { (a)da k=ars/d, 
I=P+C cos 6+S sin 6, 
whence, as shown in the similar expression (chap. iv, 
p. 36), the visibility V of the interference fringes is 
given by 
PV2=C+S?, 
DOUBLE STAR 


For a double star the brightness of whose components 
is in the ratio of 1:r, 


Vea I+7?+- 27 cos ka 
I+7?-+ 2r . 


This expression is a minimum for 
ka=n0 (m=1,3,5 °° nt 


or for 
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Accordingly, this angle can be accurately measured even 
when less than half the limit of resolution of the full aper- 
ture of the observing telescope. 

Again, by comparing the visibility at maximum and at 
minimum, the ratio of the brightness of the component 
stars may be found by 


AS Vee ae Vinan: 
Vidette Von ; 
STAR DISKS 


For a uniformly’ illuminated disk, 


I ——— 
va [ V 1—w? cos” wdw , 
in which 
n=O d? 
a being the angular diameter. For such an object the 
fringes vanish for a=1.22d/s. 

The feasibility of the interference method for measure- 
ment of luminous disks was amply confirmed in an in- 
vestigation with the 12-inch telescope at Mount Hamil- 
ton, in which the diameters of the satellites of Jupiter 


If the illumination can be represented as a function of the distance 
from the center J= (R?—7?)” then it can be shown that the visibility of the 


fringes will be given by 


R 2n+1 
t (R2—x?) 2 cos kuxdx 
[arr eee ee 


R an-+t 
fe 2 dx 
fe) 


[Footnote continued on page 114] 
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were measured with an order of accuracy considerably 
greater than could be obtained by the usual method. 
The step from such diameters (of the order of one second) 
to that of the stars, the largest and nearest of which were 
surmised to subtend an angle of a few hundredths of a 
second, was so considerable that it might well be ques- ~ 
tioned whether atmospheric and mechanical disturbances 
might not prevent realization of the undertaking. 


The graphs for =o, 4, 1, 2, as calculated by Professor F. R. Moulton, 
are shown in Fig. 69. If future observations may be made with the requi- 


VISIBILITY 
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site accuracy of the distances b:b2, at which the fringes vanish for the first 
and second times, a fair approximation to the value of 7 in the light-curve 
of the star will be given by 


23: 5 br— 32 
- ba—by ‘ 
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It is doubtful if a telescope could be constructed 
large enough to observe the vanishing of the interference 
of the fringes due to the double aperture in front of the 
objective; but while such a telescope would be practically 
impossible, the interferometer (utilizing two plane mir- 
rors instead of the two apertures) may be employed, in 
which there is no limit to the effective base line except 
that imposed by such atmospheric and mechanical dis- 
turbances. 

In order to test the effect of atmospheric disturbances, 
trials with the 4o-inch Yerkes refractor and the 60-inch 
and the 1oo-inch reflectors at Mount Wilson were made 
which, even with relatively poor “seeing,” gave excel- 
lent results, showing clearly that up to these distances and 
inferentially to much greater, the effect of atmospheric 
disturbances were not to be feared.* 

The limitation of the incident light to two pencils 
can be effected much more readily and effectively by a 
relatively small diaphragm with two apertures not far 
from the focus of the telescope than by a screen covering 
the objective. Such a small diaphragm was used in the 
observations with the 60-inch and the too-inch tele- 


1 Doubtless this rather unexpected result may be explained as fol- 
lows: The confusion of the image in poor seeing is due to the integrated 
effect of elements of the incident light-waves, elements which are not in 
constant phase relation in consequence of inequalities in the atmosphere 
due to temperature differences; the optical result being a “boiling” of 
the image, closely resembling the appearances of objects viewed over a 
heated surface. 

In the case of the two elements at opposite ends of a diameter of the 
objective, the same differences in phase produce a motion of the (straight) 
interference fringes (and not a confusion) and if, as is usually the case, 
this motion is not too rapid for the eye to follow, the visibility of the 
fringes is quite as good as in the case of perfect atmospheric conditions. 
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scopes; and it was intended to attempt measurements of 
double stars by such an arrangement with the addition 
of a means of measuring the variable distance between 
the apertures at which the fringes disappeared. 

Dr. Anderson, of the staff of the Mount Wilson 
Observatory, preferred to rotate the diaphragm, keep- 
ing the distance between apertures constant. By this 
method the angular distance between the components 
of the double star, Capella, was measured. This star was 
known to be a doublet from spectroscopic observations 
of the Doppler displacement of the spectral lines; but 
the direct telescopic observation had never been made, 
although the calculated separation (about o%05) would 
indicate the possibility if atmospheric conditions per- 
mitted. The resulting orbit for the components of Capella 
was measured with such extraordinary accuracy by the 
interference method 
that the calculated and 
observed positions 
agreed to one ten-thou- 
sandth of a second of 
arc. 

The trials with the 
60-inch and with the 
too-inch telescopes 
having shown that up 
to these distances the 
effect of atmospheric disturbances were not to be feared, 
it was decided to build an interferometer with movable 
mirrors (Fig. 70), permitting tests to be made with a base 
as great as 20 feet. The interferometer beam (Figs. 71 
and 72) was made of structural steel as rigid as possible, 
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with the minimum admissible weight. (It was found that 
this could not be reduced to less than 800 pounds—a truly 
formidable addition to any but the most ruggedly con- 
structed instrument such as the too-inch. It may be 
noted that it was for this reason that the 1oo-inch tele- 
scope was utilized to support the interferometer and not 
at all on account of its optical power.) As shown in the 


diagram (Fig. 70), the light from a star is received on the 
outer movable mirrors /,M,, whence they are reflected 
to the fixed inner mirrors M@,M,, proceeding thence to 
the concave reflector a, to the convex mirror 0, and thence 
to the inclined plane mirror c, whence they are brought 
together at d where the interference fringes are observed 
by means of a low-power eyepiece. Coincidence of the 
two interfering pencils is facilitated by the tilting of inter- 
posed plane-parallel glass plates; and equalization of the 
two paths adjusted by the help of a double wedge of glass. 
With this construction, interference fringes were readily 
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observed at the extreme distance of 20 feet, showing that 
even at this large separation neither atmospheric condi- 
tions nor vibrations and strains would seriously interfere 
with observations. 

The first actual observation which furnished measur- 
able results of star diameter was made by Mr. F. G. 
Pease, of the staff of the Mount Wilson Observatory. 
The instrument was pointed at the red giant star Betel- 
geuse in the constellation of Orion; and when the separa- 
tion of the outer mirrors of the interferometer was 10 
feet, the interference fringes vanished, although the 
fringes were readily observed at this separation when the 
instrument was directed to other stars (@ Persei and 
7¥ Orionis). 

Assuming the effective wave-length of the light from 
Betelgeuse at 5.75 X10o—5 cm and with s=12r in. (306.5 
cm) the angular diameter of this star a=1.22\/s proves 
to be o”047. An estimate of its linear diameter using a 
parallax o’018 gives 240X10° miles (about the diameter 
of the orbit of Mars). 

_ This calculation is based on'the supposition of a uni- 
formly illuminated disk, which is doubtless far from the 
fact. A darkening toward the limb equal to that of the 
sun would result in an increase of the estimated diameter 
of about 17 per cent. Since this observation, other stars, 
some of which are even larger (Arcturus, Mira, Antares), 
have been measured. 

A still larger interferometer is now under construc- 
tion with a base of 50 feet which should increase the 
power of the instrument about two and one-half times. 


CHAPTER XII 
VELOCITY OF LIGHT 


The velocity of light is one of the most important of 
the fundamental constants of Nature. Its measurement 
by Foucault and Fizeau gave as the result a speed greater 
in air than in water, thus deciding in favor of the undu- 
latory and against the corpuscular theory. Again, the 
comparison of the electrostatic and the electromagnetic 
units gives as an experimental result a value remarkably 
close to the velocity of light—a result which justified 
Maxwell in concluding that light is the propagation of an 
electromagnetic disturbance. Finally, the principle of 
relativity gives the velocity of light a still greater im- 
portance, since one of its fundamental postulates is the 
constancy of this velocity under all possible condi- 
tions. 

The first attempt at measurement was due to Galileo. 
Two observers, placed at a distance of several kilometers, 
are provided with lanterns which can be covered or un- 
covered by a movable screen. The first observer uncovers 
his light, and the second observer answers by uncovering 
his at the instant of perceiving the light from the first. 
If there is an interval between the uncovering of the 
lantern by the first observer and his perception of the 
return signal from the second (due allowance being made 
for the delay between perception and motion), the dis- 
tance divided by the time interval should give the velocity 
of propagation. 
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Needless to say, the time interval was far too small 
to be appreciated by such imperfect appliances. It is 
nevertheless worthy of note that the principle of the 
method is sound, and, with improvements that are almost 
intuitive, leads to the well-known method of Fizeau. The 
first improvement would clearly be the substitution of a 
mirror instead of the second observer. The second would 
consist in the substitution of a series of equidistant aper- 
tures in a rapidly revolving screen instead of the single 
screen which covers and uncovers the light. 

The first actual determination of the velocity of light 
was made in 1675 by Romer as a result of his observation 
of the eclipses of the first satellite of Jupiter. These 
eclipses, recurring at very nearly equal intervals, could be 
calculated, and Roémer found that the observed and the 
calculated values showed an annual discrepancy. The 
eclipses were later by an interval of sixteen minutes and 
twenty-six seconds' when the earth is farthest from 
Jupiter than when nearest to it. Romer correctly attrib- 
uted this difference to the time required by light to trav- 
erse the earth’s orbit. If this be taken as 300,000,000 kilo- 
meters and the time interval as one thousand seconds, 
the resulting value for the velocity of light is 300,000 
kilometers per second. 

Another method for the determination of the velocity 
of light is due to Bradley, who in 1728 announced an 
apparent annual deviation in the direction of the fixed 
stars from their mean position, to which he gave the name 
“aberration.” A star whose direction is at right angles to 
the earth’s orbital motion appears displaced in the direc- 


t The value originally given by Rémer, twenty-two minutes, is clearly 
too great. 
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tion of motion by an angle of 207445. This displacement 
Bradley attributed to the finite velocity of light. 

With a telescope pointing in the true direction of such 
a star, during the time of passage of the light from ob- 
jective to focus the telescope will have been displaced in 
consequence of the orbital motion of the earth so that the 
image of the star falls behind the crosshairs. In order to 
produce coincidence, the telescope must be inclined for- 
ward at such an angle a that the tangent is equal to the 
ratio of the velocity v of the earth to the velocity of light, 


tana => = 
or, since v=7D/T, where D is the diameter of the earth’s 
orbit and TZ’ the number of seconds in the year, 


T 
tan CST ; 
from which the velocity of light may be found; but, as is 
also the case with the method of Rémer, only to the de- 
gree of accuracy with which the sun’s distance, 4D, is 
known; that is, with an order of accuracy of about 1 per 
cent." 

In 1849 Fizeau announced the result of the first ex- 
perimental measurement of the velocity of light. Two 
astronomical telescope objectives L, and L, (Fig. 73) are 
placed facing each other at the two stations. At the focus 
of the first is an intense but minute image a of the source 
of light (arc) by reflection from a plane-parallel plate NV. 


* The value of the velocity of light has been obtained, by experimental 
methods immediately to be described, with an order of accuracy of one in 
one hundred thousand, so that now the process is inverted, and this re- 
sult is employed to find the sun’s distance. ‘ 
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The light from this image is rendered approximately 
parallel by the first objective. These parallel rays, falling 
on the distant objective, are brought to a focus at the sur- 
face of a mirror, whence the path is retraced and an 
image formed which coincides with the original image a, 
where it is observed by the ocular Z. An accurately 


divided toothed wheel W is given a uniform rotation, 
thus interrupting the passage of the light at a. If, on 
returning, the light is blocked by a tooth, it is eclipsed, to 
reappear at a velocity such that the next succeeding 
interval occupies the place of the former, and so on. 

If zis the number of teeth and WV the number of turns 
per second, K the number of teeth which pass during the 
double journey of the light over the distance D, 


_ 2NnD 


Meas 


It is easier to mark the minima than the maxima of in- 
tensity, and accordingly 
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if p is the order of the eclipse. Let 6K be the error com- 
mitted in the estimate of K (practically the error in esti- 
mation of equality of intensities on the descending and 
the ascending branches of the intensity curve). Then 


Hence it is desirable to make K as great as possible. In 
Fizeau’s experiments this number was 5 to 7, and should 
have given a result correct to about one three-hundredth. 
It was, in fact, about 5 per cent too large. 

A much more accurate determination was undertaken 
by Cornu in 1872 in which K varied from 3 to 21, the re- 
sult as given by Cornu being 300,400, with a probable er- 
ror of one-tenth of 1 per cent. In discussing Cornu’s re- 
sults, however, Listing showed that these tended toward a 
smaller value as the speed increased, and he assigns this. 
limit as the correct value, namely, 299,950. Perrotin, 
with the same apparatus, found 299,900. 

Before Fizeau had concluded his experiments, another 
project was proposed by Arago, namely, the utilization 
of the revolving mirror by means of which Wheatstone 
had measured the speed of propagation of an electric 
current. Arago’s chief interest in the problem lay in the 
possibility of deciding the question of the relative veloci- 
ties in air and water as a crucial test between the undula- 
tory and the corpuscular theories. He pointed out, 
however, the possibility of measuring the absolute ve- 
locity. . 

The plan was to compare the deviations of the light 
from an electric spark reflected directly from the revolving 
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mirror with that which was reflected after traversing a 
considerable distance in air (or in water). The difficulty 
in executing such an experiment lay in the uncertainty in 
the direction in which the two reflected images of the 
spark were to appear (which might be anywhere in 360°). 
This difficulty was solved by Foucault in 1862 by the 
following ingenious device whereby the return light is 


Fic. 74 


always reflected in the same direction (apart from the 
deviation due to the retardation which it is required to 
measure), notwithstanding the rotation of the mirror. 

Following is the actual arrangement of apparatus by 
which this is effected. Light from a source S falls upon 
an objective L, whence it proceeds to the revolving mir- 
ror R, and is thence reflected to the concave mirror C 
(whose center is at R), where it forms a real image of the 
source. It then retraces its path, forming a real image 
which coincides with the source even when the revolving 
mirror isin slow motion. Part of the light is reflected from 
the plane-parallel glass M, forming an image at a where 
it is observed by the micrometer eyepiece E. 
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If now the revolving mirror is turning rapidly, the 
return image, instead of coinciding with its original posi- 
tion, will be deviated in the direction of rotation through 
an angle double that through which the mirror turns while 
the light makes its double transit. If this angle is a and 
the distance between mirrors is D, and the revolving 
mirror makes WV turns per second, 


a=enN2? “ 
or 
yaistND 
a 


In principle there is no essential difference between 
the two methods. In the method of the toothed wheel the 
angle a corresponds to the passage of K teeth, and is 
therefore a = 27K /n, so that the formula previously found, 
ya » how becomes yi? , the same as for the 
revolving mirror. The latter method has, however, the 
same advantage over the former that the method of mir- 
ror and scale has over the direct reading of the needle of 
a galvanometer. 

On the other hand, an important advantage for the 
method of the toothed wheel lies in the circumstance 
that the intensity of the return image is one-half of that 
which would appear if there were no toothed wheel, 


whereas with the revolving mirror this fraction is ue 
r 


if the mirror has facets), where 8 is the angular aperture 
of the concave mirror, and f is the focal length of the 
mirror, 7 is the distance from slit to revolving mirror, 
and D is the distance between stations. 
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In the actual experiments of Foucault, the greatest 
distance D was only 20 m (obtained by five reflections 
from concave mirrors), which, with a speed of five hun- 
dred turns per second, gives only 160” for the angle 2a 
which is to be measured. The limit of accuracy of the 
method is about one second, so that under these condi- 
ions the results of Foucault’s measurements can hardly 
be expected to be accurate to one part in one hundred and 
sixty. Foucault’s result, 298,000, is in fact too small by 
this amount. 

In order to obtain a deflection 2a sufficiently large to 
measure with precision it is necessary to work with a 
much larger distance. The following plan renders this 
possible, and in a series of experiments (1878) the dis- 
tance D was about 700 m and could have been made much 
greater. 

The image-forming lens in the new arrangement is 
placed between the two mirrors, and (for maximum in- 
tensity of the return image) at a distance from the re- 
volving mirror equal to the focal length of the lens. This 
necessitates a lens of long focus; for the radius of meas- 
urement 7 (from which a is determined by the relation 
6=r tan a, in which 6 is the measured displacement of the 


image) is given by r =f , if f is the focal length of the lens; 


whence ¢ is proportional to f?. In the actual experiment, 


= Apart from the mere matter of convenience in limiting the distance 
D to the insignificant 20 m (on account of the dimensions of the labora- 
tory), it may be that this was in fact limited by the relative intensity of 
the return image as compared with that of the streak of light caused by 
the direct reflection from the revolving mirror, which in Foucault’s 
experiments was doubtless superposed on the former. The intensity of 
the return image varies inversely as the cube of the distance, while 
that of the streak remains constant. 


128 STUDIES IN OPTICS 


a non-achromatic lens of 25-m focus and 20-cm diameter 
was employed, and with this it was found that the in- 
tensity of the return light was quite sufficient even when 
the revolving mirror was far removed from the principal 
focus. 

With so large a displacement, the inclined plane-paral- 
lel plate in the Foucault arrangement may be suppressed, 
the direct (real) image being observed. With 250 to 300 
turns per second, a displacement of 100 to 150 mm was 
obtained which could be measured with an error of less 
than one ten-thousandth. 

The measurement of D presents no serious difficulty. 
This was accomplished by means of a steel tape whose 
coefficient of stretch and of dilatation was carefully deter- 
mined, and whose length under standard conditions was 
compared with a copy of the standard meter. The esti- 
mated probable error was of the order of 1: 200,000. 

The measurement of the speed of rotation presents 
some points of interest. The optical “beats” between the 
revolving mirror and an electrically maintained tuning | 
fork were observed at the same time that the coincidence 
of the deflected image with the crosshairs of the eyepiece 
was maintained by hand regulation of an air blast which 
actuated the turbine attached to the revolving mirror, 
The number of vibrations of the fork plus the number of 
beats per second gives the number of revolutions per 
second in terms of the rate of the fork. This, however, 
cannot be relied upon except for a short interval, and 
it was compared before and after every measurement 
with a standard fork. This fork, whose temperature co- 
efficient is well determined, is then compared, as follows, 
directly with a free pendulum. 
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For this purpose the pendulum is connected in series 
with a battery and the primary of an induction coil whose 
circuit is interrupted by means of a platinum knife edge 
attached to the pendulum passing through a globule of 
mercury. The secondary of the induction coil sends a 
flash through a vacuum tube, thus illuminating the edge 
of the fork and the crosshair of the observing microscope. 
If the fork makes an exact whole number (256) of vibra- 
tions during one swing of the pendulum, it appears at 
rest; but if there is a slight excess, the edge of the fork 
appears to execute a cycle of displacement at the rate of 
per second. The rate of the fork is then N+» per second 
of the free pendulum. This last is finally compared with 
a standard astronomical clock.t The order of accuracy 
is estimated as 1: 200,000. 

The final result of the mean of two such determina- 
tions of the velocity of light made under somewhat similar 
conditions but at a different time and locality is 299,895. 

A determination of the velocity of light by a modifica- 
tion of the Foucault arrangement was completed by 
Newcomb in 1882. One of the essential improvements 
consisted in the use of a revolving steel prism with square 
section twice as long as wide. This permits the sending 
and receiving of the light on different parts of the mirror, 
thus eliminating the effect of direct reflection. It should 
also be mentioned that very accurate means were pro- 
vided for measuring the deflection, and finally that the 
speed of the mirror was registered on a chronograph 
through a system of gears connected with the revolving 
mirror. Newcomb’s result is 299,860. 


t The average beat of such a clock may be extremely constant al- 
though the individual “seconds” vary considerably. 
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The original purpose of the Foucault arrangement was 
the testing of the question of the relative velocities of light 
in air and in water. For this purpose a tube filled with 
water and closed with plane-parallel glasses is interposed. 
There are then two return images of the source which 
would be superposed if the velocities were the same. By 
appropriately placed diaphragms these two images may 
be separated, and if there is any difference in velocities 
this is revealed by a relative displacement in the direction 
of rotation. This was found greater for the beam which 
had passed through the water column, and in which, 
therefore, the velocity must have been less. This result 
is in accordance with the undulatory theory and opposed 
to the corpuscular theory of light. 

The experiments of Foucault do not appear to have 
shown more than qualitative results, and it should be of 
interest, not only to show that the velocity of light is less 
in water than in air, but that the ratio of the velocities 
is equal to the index of refraction of the liquid. Experi- 
ments were accordingly undertaken with water, the result 
obtained agreeing very nearly with the index of refrac- 
tion. But on replacing the water by carbon disulphide, 
the ratio of velocities obtained was 1.75 instead of 1.64, 
the index of refraction. The difference is much too great 
to be attributed to errors of experiment. 

Lord Rayleigh found the following explanation of the 
discrepancy. In the method of the toothed wheel the dis- 
turbances are propagated in the form of isolated groups 
of wave-trains. Rayleigh finds that the velocity of a 
group is not the same as that of the separate waves ex- 
cept in a medium without dispersion. The simplest form 
of group analytically considered is that produced by two 
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simple harmonic wave-trains of slightly different fre- 
quencies and wave-lengths. Thus, let 


y=cos (nt—mx)+ cos (nt—m,x) , 


in which = 27/T, and m=27/X, T being the period and 
\ the wave-length. Let n—n,=0n, and m—m,=0m. 
Then 


y=2 cos 3(Ont— dmx) cos (nt—mzx) . 


This represents a series of groups of waves such as illus- 
trated in Figure 75. 
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The velocity of the waves is the ratio V=n/m, but 
the velocity of the group (e.g., the velocity of propagation 
of the maximum or the minimum) will be 


V'=0n/om, 
or, since n=mV, 
_ O(mV) _ ar) 


or, since m=27/), 
rAOV 
y= V ee 


The demonstration is true, not only of this particular 
form of group, but (by the Fourier theorem) can be ap- 


plied to a group of any form. 
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It is not quite so clear that this expression applies to 
the measurements made with the revolving mirror. Lord 
Rayleigh shows that in consequence of the Doppler effect 
there is a shortening of the waves at one edge of the 
beam of light reflected from the revolving mirror and a 
lengthening at the opposite edge, and since the velocity 
of propagation depends on the wave-length in a dispersive 
medium, there will be a rotation of the individual wave- 
fronts. 

If w is the angular velocity of the mirror, and w, that 
of the dispersional rotation, 

_dV_dVa 
~ dy dd dy’ 


Gy 


where y is the distance from the axis of rotation. But 


The deflection actually observed is therefore 
T(2w+er) , 


where T is the time required to travel distance 2D; or 


hence the velocity measured is _ 


Uae (es iN dV 
= V- (+* ay ; 
or, to small quantities of the second order, 

V’’=V'=group velocity .t 


t J. W. Gibbs (Nature, 1886) shows that the measurement is in reality 
exactly that of groups and not merely an approximation. 
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rAd 
The value of (: i a) for carbon disulphide for 


the mean wave-length of the visible spectrum is 0.93. 
Accordingly, 


Wou Vet uf gO 


VY Stormo gi ane” : 


which agrees with the value found by experiment. 


RECENT MEASUREMENTS OF THE VELOCITY OF LIGHT 


In the expression for V, the velocity of light as de- 
termined by the revolving mirror, V=47N D/a, there are 
three quantities to be measured, namely, NV, the speed of 
the mirror; D, the distance between stations; and a, the 
angular displacement of the mirror. As has already been 
mentioned, the values of NV and D may be obtained to 
one part in one hundred thousand or less. But a cannot 
be measured to this order of accuracy. It has been pointed 
out by Newcomb’ that this difficulty may be avoided by 
giving the revolving mirror a prismatic form and making 
the distance between the two stations so great that the 
return light is reflected at the same angle by the next fol- 
lowing face of the prism. 

The following is an outline of a proposed attempt to 
realize such a project between Mount Wilson and Mount 
San Antonio near Pasadena, the distance being about 
35 km. For this, given a speed of rotation of 1,060 turns 
per second, the angular displacement of the mirror during 
the double journey would be 90°; or, if the speed were 
half as great, an angle of 45° would suffice? Accordingly, 

t Measures of the Velocity of Light. Nautical Almanac Office, 1882. 


2 It may be noted that with eight surfaces the resulting intensity will 
be. four times as great as with the revolving plane-parallel disk. 
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the revolving mirror may have the form of an octagon. 
It is, of course, very important that the angles should be 
equal, at least to the order 
of accuracy desired. 

This has already been 
attained as follows. The 
octagon, with faces pol- 
ished and angles approxi- 
mately correct, is applied 
to the test angle a’b’ made 
up of a 45° prism ce- 
mented to a true plane. 
The faces 6,5 are made 

ne es parallel by the interfer- 
ence fringes observed in 
monochromatic light. In general, the faces a@,a will not be 
parallel, and the angle between them is measured by the 
distance and inclination of the interference bands. The 
same process is repeated for each of the eight angles, and 
these are corrected by repolishing until the distance and 
inclination are the same for all, when the corresponding 
angles will also be equal. It has been found possible in 
this way to produce an octagon in which the average 
error was of the order of one-millionth, that is, about 
one-tenth to one-twentieth of a second2 

Another difficulty arises from the direct reflection and 
the scattered light from the revolving mirror. The former 
may be eliminated, as already mentioned, by slightly 


* It may be noted that while a distortion may be expected when the 
mirror is in such rapid rotation, if the substance of the mirror (glass, in 
the present instance) is uniform, such distortion could only produce a very 
slight curvature and hence merely a minute change of focus. 
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inclining the revolving mirror, but to avoid the scattered 
light it is essential that the return ray be received on a 
different surface from the outgoing. 

Again, in order to avoid the difficulty in maintaining 
the distant mirror perpendicular to the incident light, the 
return of the ray to the home station may be accom- 


Fic. 77.—Light path a, b, c, d, @, ex, fr, dx, &, f, 8, By 4,7 


plished exactly as in the Fizeau experiment, the only pre- 
caution required being the very accurate focusing of the 
beam on the small plane (better, concave) mirror at the 
focus of the distant collimator. 

Finally, it is far less expensive to make both sending 
and receiving collimators silvered mirrors instead of 
lenses. 

In Figure 77 is shown the arrangement of apparatus 
which fulfilled all these requirements. 
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Three determinations were undertaken between the 
home station at the Mount Wilson Observatory and 
Mount San Antonio 22 miles distant. The rate of the 
electric tuning fork was 132.25 vibrations per second, 
giving four stationary images of the revolving mirror 
when this was rotating at the rate of 529 turns per second. 
The fork was compared before and after every set of the 
observations with a free pendulum whose rate was found 
by comparison with an invar pendulum furnished and 
rated by the Coast and Geodetic Survey. 

The result of eight measurements in 1924 gave 


Va=299,735 « 


Another series of observations with a direct compari- 
son of the same electric fork with the Coast and Geodetic 
Survey pendulum was completed in the summer of 1925 
with a resulting value 


Va=299,690 . 


A third series of measurements was made in which the 
electric fork was replaced by a free fork making 528 vibra- 
tions per second maintained by an ‘‘audion circuit,” thus 
insuring a much more nearly constant rate. The result 
of this measurement gave | 


Va=299,704 « 


Giving these determinations the weights 1, 2, and 4, 
respectively, the result for the velocity in air is 


Va= 299,704 « 


* This comparison was made by allowing the light from a very narrow 
slit to fall on a mirror attached to the pendulum. An image of the slit was 
formed by means of a good achromatic lens, in the plane of one edge of the 
fork, where it was observed by an ordinary eyepiece. 
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Applying the correction of 67 km for the reduction 
to vacuo gives finally V=2099,771 . 

This result should be considered as provisional, and 
‘depends on the value of D, the distance between the two 
. stations which was furnished by the Coast and Geodetic 
Survey, and which it is hoped may be verified by a repeti- 
tion of the work. 

It was also found that a trial with a much larger 
revolving mirror gave better definition, more light, and 
steadier speed of rotation; so that it seems probable that 
results of much greater accuracy may be obtained in a 
future investigation. 


FINAL MEASUREMENTS 


Observations with the same layout were resumed in 
_ the summer of 1926, but with an assortment of revolving 
- mirrors. 
The first of these was the same small octagonal glass 
mirror used in the preceding work. The result obtained 
this year was V = 209,813. Giving this a weight 2 and 
the result of preceding work weight 1 gives 299,799 for 
’ the weighted mean. 

The other mirrors were a steel octagon, a glass 12- 
sider, a steel 12-sider, and a glass 16-sider. 

The final results are summarized in Table VII. 


TABLE VII 
Turns per Second Mirror Pe Nate eae Wek oe 
GAG suet eeeeoee Glass oct. 576 209,797 
BOM es tat Steel oct. 195 299,795 
GION. see eee Glass 12 270 299,790 
BRO k soe gees Steel 12 218 299,796 
ONO. ira Se Glass 16 504 299,790 


Weighted mean, 299,7904£1 
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Table VIII shows the more reliable results of measure- 
ments of V with distance between stations, method used, 
and the weight assigned to each. 


TABLE VIII 
Author D Method Wt. V 
(Comune eee 23 km Toothed wheel I 299,990 
Pertoun eee 12 Toothed wheel I 299,900 
M,; and M...... 0.6 Rev. mirror I 299, 880 
Newcomb”*..... OLS Rev. mirror 8 299,810 
Mi eerie 35 Rev. mirror 5 299, 800 


* Newcomb’s value omitting all discordant observations was 298,860. 


CHAPTER XIII 


EFFECTS OF MOTION OF THE MEDIUM 
ON VELOCITY OF LIGHT 


EFFECTS OF FIRST ORDER 


The effects of motion of the medium on the velocity 
of light were first brought to the notice of the physicist 
in consequence of an experiment of Airy which had for its 
object the testing of a theoretical consequence of the 
undulatory theory regarding the problem of aberration. 
This requires that the tangent of the aberration shall be 
equal to the ratio of the velocity of the earth in its motion 
around the sun to the velocity of light. With a medium 
of index of refraction yu, this relation would be 


v 
tan Ty, 5 


and accordingly, if the observing telescope were filled 
with water the aberration should come out 4/3 times as 
great as with air. The experiment was actually carried 
out by Airy with the result that the aberration was 
found to be the same as before. 

The explanation of the difficulty, proposed by Fresnel, 
is based on the hypothesis that the luminiferous medium is 
carried along (enirainé) by the motion of the medium; 
not, however, by the full amount of this motion, but by a 


2 if e 
fraction, p=" — , known as the “Fresnel coefficient.” 
ye 


Taking the negative experimental result as basis, this 
value for p may be deduced as follows: 
139 
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Let ac (Fig. 78) be a plane wave-front from a star 
reaching the objective of the observing telescope which 
must be inclined at an angle a in consequence of the 

a 


a eee 


b 


00 


UU 
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motion of the earth in the direction of v. From the mar- 
gins of the objective a and c, two rays arrive at 0, (as 
do all the others) in the same phase. The time of pass- 
age of the two rays is then the same, whence 


ao; cb, bo, 


Ve SVoye 


EFFECTS OF MOTION OF THE MEDIUM tar 
in which 
Vi=V/u+pv sin B 
and 
V.=V/u— pv sin B 
and £ is the semi-aperture of the telescope. Substituting 
a0;=a0-+00,; sin 8 
bo, =ao—00; sin B, 


and noting that 


we find 


2ua sin B(1—p) mace : 
mao 


But 2a0, sin B is ac, the diameter of the objective, whence 


and 


On the hypothesis of a stationary ether it appeared to 
be possible to detect a motion of the earth independent of 
astronomical observations, and many experiments of this 
kind were attempted, among which the following may be 
cited: 

An interferometer is arranged as shown in Figure 79. 
In the path of the interfering pencils a glass prism of 
length D is interposed. Supposing the apparatus in 
motion in a direction parallel to the length D, the time of 
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traversing the circuit for the two pencils may be calcu- 
lated as follows: During the passage of the light through 
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the glass the apparatus will have moved through a 
distance 6=yv/V(D+5), or with sufficient approxima- 
tion, 


while in the corresponding air path the apparatus will 
have moved through 


v 
d=7D. 
Accordingly, 
Dr6~, (D065 
eet V ; 
—-+ pv ’ 
0} 


similarly, for the ray traversing the circuit in the opposite 
sense, 
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As no displacement of the fringes is observed on rotating 
the whole apparatus through 180°, it follows that #,=1,, 
whence 


or, to small quantities of second order, 
Lp = 1/u? ? 


or 


It may therefore be admitted that the Fresnel co- 
efficient is a necessary consequence of the negative results 
of these endeavors to detect a motion of the earth rela- 
tive to the luminiferous ether. It is desirable, none the 
less, to deduce this ratio from theoretical considerations. 

This was first attempt- eu 


ed by Eisenlohr as follows. 
Consider a prism of glass G 
G (Fig. 80) of unit cross- 


section of index p, in mo- 
tion in the direction of 
the arrow with velocity v. Let the density of the ether 
outside be unity, and within the prism 1+A. Then in unit 
time the mass of ether introduced into the space v will be 
m=vA. But on the entrainment hypothesis this may also 
be expressed by m=pv(1+-A), whence 


A=p(1+A). 


Fic. 80 
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Since yp? is equal to the ratio of the densities of the ether 
within and without (the elasticities being supposed to 
remain constant), 

ee 


I ? 


Lb 


and 
A=?-1, 


which, substituted in the preceding expression, gives 


oe 
See 


The following reasoning is based on the supposition 
that the ether outside the sphere of action of the mole- 
cules of matter is absolutely unaffected by the motion. 
Suppose a to be the diameter of the ether atmosphere 
carried along with a molecule in the direction of motion; 
and let 6 be the distance (average) between two mole- 
cules. While the light traverses the distance a+), the 
system will have moved through a distance a+8. If v is 
the index of refraction within the molecule, 


ay 
av = 
V 


and 
v 
B=; Bs 


tae. 


The average velocity of light in the substance will there- 
fore be 


V1 a(t) : 


v 
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If % is the index of refraction of the medium at rest, 
since the optical path in the medium is va+, 


ath p 
K& a+b by 


whence va=yu(a+b)—b, which, substituted in the pre- 
ceding expression, gives 


The quantity in parentheses corresponds to the coefficient 
of entrainment and coincides the more nearly with 
Fresnel’s coefficient the smaller the value of the ratio 
a/b. 


+ 
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Notwithstanding these deductions of the Fresnel 
coefficient from negative experiment as well as theoretical 
reasoning, this consequence appeared difficult of general 
acceptance. The result was, however, amply confirmed 
by an ingenious experiment of Fizeau in which the dis- 
placement of interference fringes, due to the combination 
of two pencils of light traversing a column of liquid in mo- 
tion in opposite directions as shown schematically in Fig- 
ure 81, was found to be of the order predicted by theory. 

If the interference fringes were to be observed at /, 
the expected displacement due to the current of water in 


«Tf, on the other hand, b=o (molecules in contact), w=», and p’=1, 
whereas Fresnel’s p=1—1/p?. 
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the tubes TT would be entirely masked by the much 
larger effects due to the distortions produced by the 
varying pressures in reversing the current. Fizeau elimi- 
nated such disturbing causes entirely by returning the 
light by a mirror at f back to the source, part being 
thrown to one side at s by a plane-parallel glass plate. 

Fizeau found a displacement corresponding with 
that which should follow from Fresnel’s coefficient, show- 
ing conclusively that the light-waves were accelerated by 
a fraction of the velocity of water and clearly less than 
the full amount. 

In view of the fundamental importance of this sub- 
ject, and especially in view of another experiment for 
testing the possibility of detecting a relative motion be- 
tween the earth and the ether,’ it was determined to re- 
peat the experiment of Fizeau in such manner as to avoid 
certain difficulties and uncertainties inherent in his work. 
Among these the following may be mentioned: first, 
the form of interference apparatus employed necessitates 
the use of a fine aperture and consequent feeble intensity 
of the light; second, close proximity of the two interfering 
pencils, involving restricted widths of the water columns 
(otherwise the interfering pencils meet under so large an 
angle that the interference fringes are too narrow to 
observe without excessive magnification and still further 
enfeeblement of the light) ; third, the difficulty in utilizing 
a relatively small portion of the area where the velocity is 
approximately constant; fourth, the uncertainty in the 
value of this maximum velocity in terms of the mean 
velocity found by observation. 

These objections are obviated in the interferometer 

x See p. 150. 
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arranged as in Figure 82. Figure 83 shows the water 
circuit, which is entirely disconnected from the inter- 
ferometer (mounted on brick piers), and the arrangement 
of valves by which the direction of the current is reversed. 
The mean current was found by measuring the time re- 
quired to fill a measured volume in the receiving tank and 
multiplying by the ratio of areas of tank and tube. To 


it 
= 
Fic. 82 
= Ss 
=< O== 
2 eee 
Fic. 83 


find the maximum velocity, a small Pitot tube measured 
the pressure due to the current, a preliminary calibration 
giving very consistent readings, showing that the pres- 
sures were proportional to thesquare root of thevelocities. 
This was displaced along the radius of the tube, giving a 
relation v=V,(1—2?)", in which v is the velocity at a 
point x on the radius, v7 is the maximum velocity, and 
has the value 0.165. This gives for the mean velocity 


Ir 
a= 2m vxdx , 
(eo) 
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whence 
Unp= 11050 


With a length L of 3 m and a velocity of 8 m per sec- 
ond, the displacement of the interference fringes was 
about half the fringe width. In a second series with a 
length L of 6 m and a velocity of 7 m per second, the dis- 
placement was about o.9 fringe. 

The difference in time in the two directions is 


& Ib = D 
V/u—pv V/ptpv’ 


oT 


or, omitting small quantities of the second order, 


_ 2L yp? pv 
fae 


This is doubled on reversing the current, whence the dis- 
placement in fringes, 


VoT 
ae 
or 
_4L py? pv 
a AV 
whence 
oe ME 
O° alpen” 


This gave as the final result 


p=0.434+ .02 


as against 
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The problem has since been taken up by Lorentz both 
theoretically and experimentally. Lorentz finds 
PE ON op 


p= Sin Gi ee 


which is still within the experimental error. His own ex- 
perimental results confirm the corrected value. 

It appears, therefore, that this remarkable result is 
amply confirmed both theoretically and experimentally. 
As a consequence, it has been shown in the two cases con- 
sidered above that it is impossible to detect a relative 
motion between the earth and the ether. Lorentz has 
proved this consequence in a perfectly general manner, 
at least so far as first-order terms are concerned. 


SECOND ORDER EFFECTS 


Maxwell was the first to point out that while it must 
be admitted that there can be no first-order effect which 
can be brought to light by experiment, this need not 
necessarily follow for effects depending on the second 
order. He expressed doubt, however, as to the possibility 
of detecting such exceedingly small quantities, which may 
be expected to be of the order of the square of the aberra- 
tion, i.e., one part in one hundred million. 

The length of a light-wave is, however, so small that 
one hundred million of them make up a distance of 50 m, 
and if an interferometer be so arranged by repeated re- 
flections from appropriately placed mirrors, the actual 
dimensions of the apparatus need not be very great 
in order to obtain a displacement easily measurable if 
second-order effects are appreciable. 
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If OA and OB (Fig. 84A) are the two interferometer 
arms with plane mirrors at A and B which return the two 
pencils—one reflected, the other transmitted—by the 


oi} 


A 
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plane-parallel lightly silvered plate at O, and if OA is in 
the direction of the earth’s motion, then the time re- 
quired to return to O from A will be longer than from B. 
In fact, the actual distance traveled by the light to return 
to the half-silvered plate will be 


D+0,+D—9, , 
where the distance A moves, before the light reaches it, is 


v 
On Sra e D 9 


and the distance O moves, before the light returns, is 


v 
SVyaae 


02 


The total distance neglecting the fourth power of small 
quantities, is, therefore 


2D;= 2D(1+ 4) : 
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But the other path is also affected by the motion; for, 
in order to meet the dividing surface on return, the actual 
path will be O,BO, (Fig. 84B), where 


0,0,=2D/V , 


and therefore 


ee 
0,=2D +2, ; 
or, to the same approximation, 
2D =2D(1+-7,) 
art Vea 


Hence there will be a difference between the two paths 
expressed in wave-lengths, 


Dy tip 
A=y Vac 
If now the two directions be interchanged by a rotation 
through 90°, the total displacement of the interference 
fringes to be expected will be ae oe ‘ 

In order to minimize the ee due to exter- 
nal factors, chiefly to distortions produced during rota- 
tion, the interferometer was mounted (as shown in Fig. 
85) on a block of stone 1.5 m square and .25 m thick 
resting on an annular wooden ring which floated the 
whole apparatus on mercury. At each corner of the 
stone four mirrors ddee (Fig. 86), were placed. Near the 
center of the stone was a plane-parallel lightly silvered 
glass plate 6. These were so disposed that light from an 
Argand burner a, passing through a lens, fell on 6, part 
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being transmitted and part reflected, following the paths 
indicated in the figure. The resulting interference fringes 
were observed by the telescope /. Both f and @ revolve 
with the stone. 

By keeping up a fairly uniform and continuous rota- 
tion, observing the position of the central fringe at inter- 
vals of one-sixteenth of a revolution, the readings were 
found to give fairly consistent results, the mean of which 


oe tam seh —005Xr Noon 
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is represented by Figure 87, in which the dotted curve 
represents one-eighth of the theoretical displacement. 
It must be concluded that the experiment shows no 
evidence of a displacement greater than o.o1 of a fringe. 
Considering the motion of the earth in its orbit only, this 
displacement should be 2D/d v?/V?. The distance D 
was about 11 m, or 2X10" waves of yellow light. With 
v 
V 10,000 
fringe. The actual value is certainly less than one- 
twentieth of this amount and probably less than one- 


fortieth. 


, this gives an expected displacement of 0.4 
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In what precedes, only the orbital motion of the earth 
is considered, and it might be possible that this chanced to 
be just enough to neutralize the motion of the system 
through space. The experiments have been again taken 
up by Morley and Miller, using a still larger apparatus, 
and two series of investigations have resulted in a con- 
firmation of the negative result. 

It is obvious from all that precedes that it is impos- 
sible to measure any possible motion relative to the 
ether by observations at the surface of the earth. But 
it isnot impossible that at even moderate distances above 
sea-level, at the top of a mountain, such an experiment 
might give a different result.’ If we allow such a possi- 
bility, it would seem logical to admit that at some dis- 
tance above the earth’s surface, let us say to miles (or 
10,000 miles), such an entrainment would vanish. If, 
then, an interferometer circuit be set up in a vertical 
plane parallel to the earth’s motion, such a diminution of 
relative motion should be manifest by a corresponding 
displacement of the interference fringes. : 

Thus suppose y= Ve~-°™, which would correspond 
to a diminution to 1/e of the velocity of the earth at a 
distance from the surface of 1,000 km. For a height of 
to m the diminution would be only 2X10~5, but for a 
length of roo m this would correspond to a displacement 
of the order of a half-fringe. The experiment was actually 
tried, but no displacement was observed. 

While too much weight should not be given to an 

t Recent experiments by Dayton C. Miller seem to give a positive 
result, indicating a small fraction (one thirtieth) of the hypothetical 
velocity of the galactic system of 300 kilometers per second. Such a 


result would contradict the principle of relativity. Experiments are now 
in preparation for a rigorous test. 
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experiment which is founded on so much pure assump- 
tion, it may be worth mentioning that it is in accord with 
the result of the Fizeau experiment, and also with an ex- 
periment of Lodge, who found no displacement in an 
interferometer circuit placed between two rapidly rotat- 
ing disks of steel. The objection may, however, be raised 
that the mass in motion in the last two-mentioned experi- 
ments may have been far too small to allow of extrapola- 
tion to a body of the size of the earth. 

It must be admitted, however, that these experiments 
are not sufficiently conclusive to justify the hypothesis of 
an ether which is entrained with the earth in its motion. 
But then how can the negative results be explained? 


CHAPTER XIV 
REUATIVULY: 


Lorentz and Fitzgerald have proposed a possible solu- 
tion of the null effect of the Michelson-Morley experi- 
ment by assuming a contraction in the material of the 
support for the interferometer just sufficient to compen- 
sate for the theoretical difference in path. Such a hy- 
pothesis seems rather artificial, and it of course implies 
that such contractions are independent of the elastic 
properties of the material.* 

The contraction hypothesis of Lorentz leads to the 
important set of equations known as the “Lorentz trans- 
formation,” which may be deduced on the basis of an 
equation expressing the independence of a physical phe- 
nomenon on the motion of the observer. 

Suppose the phenomenon selected for the purpose to 
be the propagation of an electromagnetic disturbance. 
The equation expressing such a wave propagation in the 
direction of x is 

One ae. i 


au? ? (OR? 


a 


where c is the velocity of light.2 This equation should 

remain invariant if new co-ordinates #,, #, are chosen 
t This consequence was tested by Morley and Miller by substituting 

a support of wood for that of stone. The result was the same as before. 
2 Laue, Das Relativitats princip. 
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referred to co-ordinate axes in uniform motion of transla- 
tion with respect to the former. Accordingly, 

PU _ reOnU f oU . in GHO/ 

OVC Ol OX; On OL 


The simplest relations existing between «,, f; and x, ¢ are 
%:= k(x— v1) 
ie == at os Bx 9 


where k, a, and 6 are constants to be determined. Sub- 
stituting in the preceding equation, we readily find 


Vi-v/e Cm 


k 


From these follow the Lorentz equations, 


ees x— vt 
* V1-v/e 
= t—vx/c? 
“Vi v/e- 


These results deduced on the basis of the Lorentz 
contraction in material bodies moving through a fixed 
ether follow as direct consequences of the (restricted) 
theory of relativity of Einstein. This postulates (z) that 
relative motions alone are measurable (and is consequent- 
ly inconsistent with a medium at rest to which all such 
motions might be referred); (2) that the velocity of light 
is a constant independent of the uniform motion of the 
observer. 

The Lorentz contraction is found by expressing the 
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distance between the co-ordinates of the ends of a meter 
bar placed parallel to the direction of translation. 


A A fly ne ; 
V1-v/¢e? 
or 
Ax=kAx, , 
or 
An = 7 Ax 5 


accordingly, the meter bar is shorter when in motion 
than when at rest in the proportion V 1—v°/c?:1. Similar 
considerations show that a sphere would appear as a 
flattened ellipsoid. Similarly, it follows that a time in- 
terval At, = AlV t —v/C. 

Applying these results to the Michelson-Morley ex- 
periment, we find that the time of return of the light 
which travels in the divection of 2, 


es 2Dc PaaS 2D 
IS page lh Se Ao Say Bera 


while in the perpendicular direction 
Z= 22 Vite /e 9 


or, neglecting terms of the fourth order, 


Seti 
Vie ee 


which shows that on this theory there should be no differ- 
ence in the two times, or in other words, there should be 
no displacement of the interference fringes. 


— 
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The absence of first-order effects may be deduced from 
the formula for the addition of velocities. If v, is the 
velocity in the system x,¢,, and v the velocity i in the sys- 
tem xt, then 
tw — (ta) 


Hy = Vili y .= - 
Vi—v/e Vi-v#/e’ 
or 
ee Ute Uz 
~ t+ 00,/c- 
whence 
Se 0s 0; 
OT t0,/e* 


This result appears somewhat paradoxical in conse- 
quence of the difficulty of realizing the actual circum- 
stances under which it applies. For instance, if v=c, the 
velocity of light, then d=c, a result which may be other- 
wise stated: There can be no velocity greater than the 
velocity of light; a statement which must also be true of 
any of the expressions involving the radical V1 —7/¢?, 
which then is meaningless." 

Suppose that v;, the added velocity, is that which 
occurs in the experiment of Fizeau; in this case the re- 
sultant is 


tOn the basis of an ether, which is the seat of all electromagnetic 
action, and in view of the electronic constitution of matter, all motion 
must be accompanied by magnetic fields proportional to the velocity 
which resist the motion; and when the velocity is equal to that of the 
velocity of the light, the resistance to further increase is enormous if Hee 


infinite. 
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or, neglecting terms of the second order, 


which is Fresnel’s formula. 

Thus the theory gives a consistent explanation of all 
the negative results obtained in the attempts to detect a 
relative motion. But besides this, it deduces the increase 
of mass with velocity which is expressed by 


m=——" 
Vi-v/¢e 


(mo corresponding to the mass when at rest), a result 
which is confirmed by experiments on high-speed elec- 
trons. 

The generalized theory of relativity has furnished still 
more remarkable results. This considers not only uni- 
form but also accelerated motion. In particular, it is 
based on the impossibility of distinguishing an accelera- 
tion from the gravitation or other force which produces it. 
Three consequences of the theory may be mentioned of 
which two have been confirmed while the third is still on 
trial: (1) It gives a correct explanation of the residual 
motion of forty-three seconds of arc per century of the 
perihelion of Mercury. (2) It predicts the deviation which 
a ray of light from a star should experience on passing 
near a large gravitating body, the sun, namely, 177. On 
Newton’s corpuscular theory this should be only half as 
great. As a result of the measurements of the photo- 
graphs of the eclipse of 1921 the number found was much 
nearer to the prediction of Einstein, and was inversely 
proportional to the distance from the center of the sun, 
in further confirmation of the theory. (3) The theory 
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predicts a displacement of the solar spectral lines, and it 
seems that this prediction is also verified. 

Thus the theory of relativity has not only furnished 
an explanation of known phenomena, but has made it 
possible to predict and to discover new phenomena, which 
is one of the most convincing proofs of the value of a 
theory. It must therefore be accorded a generous accept- 
ance notwithstanding the many consequences which may 
appear paradoxical in consequence of the difficulty we 
find in realizing the unusual conditions of high relative 
velocities. 

The existence of an ether appears to be inconsistent 
with the theory; a fixed ether would imply the possibility 
of a measurement of “‘absolute” motion. But without a 
medium how can the propagation of light-waves be ex- 
plained? On the electromagnetic theory the velocity of 
transmission of an electromagnetic disturbance is the 
square root of the reciprocal of the product of permeabil- 
ity by dielectric constant, which are properties of the 
medium. How explain the constancy of propagation, 
the fundamental assumption (at least of the restricted 
theory), if there be no medium? 

It is true that several attempts have been made to 
overcome this objection; resuscitations of the exploded 
corpuscular theory, propagation along lines of force, etc. ; 
but these not only raise many more difficulties than they 
explain, but are totally inadequate to account for the 
constancy of propagation. 

It is to be hoped that the theory may be reconciled 
with the existence of a medium, either by modifying the 
theory, or, more probably, by attributing the requisite 
properties to the ether; for example, allowing changes in 
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its properties (dielectric constant, for instance) due to 
the presence of a gravitational field. 


ADDENDUM 


The result that it is impossible to obtain a first-order 
effect in the motion of the earth relative to the ether isa 
conclusion of the theory of a fixed ether (vide supra) as 
well as of the theory of relativity. The following experi- 
ment, if it could be carried out, should also give a nega- 
tive result. 

If A and B are two Fizeau wheels revolving with equal 
speeds, and a pencil of light pass between the teeth at A 
and also at B, then (on the fixed ether theory) if the whole 
is in motion with the earth in the direction AB, a pencil 
returning in the opposite direction would, at a certain 
speed of rotation, be intercepted and would not be visible 
on the other side. The experiment, if practicable, should 
therefore be capable of measuring such a relative motion. 
If, in accordance with relativity, this is impossible, it 
is equivalent to the denial of the possibility of securing 
exactly equal speeds in the two wheels. This would cer- 
tainly be true if the wheels were actuated by electromag- 
netic control, for this would be subject to the same in- 
fluence as the light-waves themselves. 

If the connection were material, by means of an axle 
of sufficient rigidity, the coincidence could be secured, 
but here again it may be objected that the intermolecular 
forces, which determine the elasticity and therefore the 
velocity of propagation, which are probably electrical, 
would also be affected in the same way. 

tIn a preliminary effort to utilize acoustic vibrations it was found 


possible to transmit the vibrations of a large tuning fork through a 
stretched piano wire over a distance of a mile, with an amplitude of vibra- 
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Another possibility of measurement of the velocity of 
light in one direction is based on the observation of the 
eclipses of Jupiter’s satellites. By comparing the results 
when the direction earth—Jupiter is nearest the direction 
of the motion of the solar system with the corresponding 
value when this direction is reversed, the deductions of 
the Einstein theory might be tested. According to this 
theory, there should be no difference; while, on the basis 
of a stationary ether, there should be a difference of the 
order of two-tenths of a second in the time required for 
light to cross the earth’s orbit. 

The following experiment may possibly furnish a test 
of ether entrainment, although on the basis of a fixed 
ether as well as in accordance with the (generalized) 
relativity the result should be the same, namely, a dis- 
placement of the interference fringes of the order of one 
fringe for an area of 1 sq. km. 

The experiment consists in observing the position of 
the fringes in an interferometer circuit of this size, or less, 
and comparing the position of the fringes with that of a 
much smaller auxiliary circuit. If these two circuits have 
images of the source (a minute aperture or a narrow slit) 
which accurately coincide, then the interference fringes 
of the two systems will also coincide, if the effect to be 
expected is zero. But if the expected displacement is that 
required by both theories, this difference, amounting to 
o.5 to 1.0 fringe, can be observed with certainty. 

Preliminary trial has shown that it is possible to 
observe fringes with a triangular circuit of 1,500 m. In 


tion in a second fork of the same pitch about half as great as that of the 
primary. Doubtless the same objection holds in this proposed method, 
yet it might be of interest to test the matter in some such fashion. 
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case the expected displacement is observed, it would add 
a little to the evidence for relativity (or as much for a 
fixed ether). But if the displacement should turn out to 
be zero, or even appreciably less than the calculated 
amount, such a result could hardly be reconciled with any 
hypothesis save that of an ether which is entrained with 
the earth in its rotation. 

In a series of preliminary trials made at Mount Wil- 
son, the atmospheric disturbances were too great over the 
circuit of the interfering pencils of light to permit of 
accurate measurement. It was necessary, therefore, to 
allow the light to proceed in a partial vacuum in a pipe 
line something over a mile in length, shown diagram- 
matically in Figure 88. The experiment was tried under 
these conditions at Clearing some 1o miles southwest 
of Chicago. The light-path is indicated by the dotted 
line ADEFA, an auxiliary path ADCB furnishing a com- 
parison set of interference fringes corresponding to an 
inclosed area, small compared with the former. 

The calculated value of the displacement of the fringes 
on the assumption of a stationary ether as well as in 
accordance with relativity is readily shown to be? 


_ 4A sin 


Sra ORL, 


where A is the expected displacement in fringe widths, A 
the area of the light-path, ¢ the latitude, w the angular 
velocity of the earth, \ the effective wave-length of the 
light, and V the velocity of light. 

In this latitude, 41°40’, with a pipe line about 2,000 
by 1,100 feet and an effective wave-length of 0457, this 


t See L. Silberstein, Journal of the Optical Society, 5, 291, 1921. 
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gives an expected displacement of the interference fringes 
of 0.236 fringe. The observed displacement was 0.230, 
an agreement which is well within the limit of accuracy 
of the measurement. 

This result may be considered as an additional evi- 
dence in favor of relativity—or equally as evidence of a 
stationary ether. 


CHAPTER XV 


METALLIC COLORS IN BIRDS 
AND INSECTS 


It is hoped that the results of the investigations re- 
corded in the preceding chapters may be considered as 
fairly certain contributions to the science of optics. In 
this chapter on “Metallic Colors” it is only fair to state 
that the subject is still under discussion, and the follow- 
ing presentation is chiefly concerned with evidence in 
favor of the hypothesis of a thin surface film of high re- 
flecting power. 


There have been numerous attempts to explain the 
beautiful colors exhibited by the plumage of humming- 
birds, peacocks, and pigeons, and many butterflies and 
beetles,! the chief characteristics of which are: (1) an un- 
usually high intensity of the reflected light, especially for 
some one color at normal incidence; (2) A change in color 
with the angle of incidence usually (but not always) to- 
ward the violet. These effects are clearly evident to the 
unaided eye. The following, requiring instrumental ap- 
pliances, may be added: (3) The distribution of the re- 
flected light in the spectrum is not what should be 
expected from interference. This should show either a 
channeled spectrum if the layer space is more than half a 
light-wave, or else a single narrow bright band, neither of 


t The occurrence of metallic colors in the vegetable kingdom is very 
rare, ‘ 
167 
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which corresponds to the actual distribution which, in 
almost all the cases examined, shows a very broad band 
covering half or more of the visible spectrum. (4) The 
law of change of wave-length of the light-maximum with 
the angle of incidence differs decisively from that which 
follows as a result of interference. (5) The reflected light 
is always elliptically polarized, a quality very character- 
istic of metals and of other intensely absorbing substances 
such as the aniline dyes. (6) Direct evidence of a single 
effective layer generally of thickness small compared with 
a light-wave. 

Two theories have been proposed to account for these 
effects. The first is due to Lord Rayleigh, and attributes 
the entire effect to the result of repeated reflections from 
approximately equidistant layers of alternating optical 
properties such as are typified in the crystals of potassium 
chlorate. According to the second theory, the result is at- 
tributed chiefly to a very thin single layer of high absorp- 
tive power such as is shown by the aniline dyes, and in 
some cases more closely resembling the qualities of actual 
metals. ) 

The reflecting power of a specimen of the wing-case 
of a beetle (Plusiotis resplendens) was found to be equal 
to that of “tin’’ foil, and its appearance is scarcely to be 
distinguished from brass. 

To account for so high a reflecting power on the inter- 
ference hypothesis would require a large number of re- 
flecting layers of which there is no evidence in the speci- 
men as shown by polishing away a portion of the wing- 
case as illustrated in Plate 1A. 

Similar effects are shown in Plates 1B and 1C, in which 
a portion of the wing-case of a brilliant-green beetle was 
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removed. In these specimens, although layers are clearly 
indicated in the portion outside of the characteristic 
green, there is no evidence that these contribute in any 
way to produce the green color, since there is a complete 
absence of color gradation. 

In all three cases the demarcation between the color 
films is so abrupt that the “width” of the edge is below the 
limit of resolution of the microscope. 

Taking this as about half a micron, the upper limit 
of the thickness of the film may be calculated. If a is the 
width of the elliptical hole in the wing-case, and R the 
shorter radius of curvature, the thickness of the layer is 
given by 

a 
d =h > 
in which / is the limit of resolution. In the present case, 
h=ots5, a=o.7mm, R=8mm, whence ¢=o%o022; or 
the thickness of the film is less than a twentieth of a 
light-wave. 

The reflecting power of a “silver-dotted” moth is of 
the order of 30 to 50 per cent. The surface of the scale is 
made up of equidistant longitudinal ridges (about a 
thousand to the millimeter) with very fine transverse 
markings at about half this spacing. The reflection occurs 
at the individual ridges, and explanation of the high re- 
flecting power by successive layers seems wholly debarred. 

The difference between the law of color change with 
angle of incidence as calculated on the basis of succession 
- of equidistant layers and the observed values of the maxi- 
mum wave-length is well illustrated in Figure 84. 
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The dotted curves represent the value of \, the wave- 
length, for maximum intensity as calculated from 
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10° 20° 30 40 50° 60 70° 


0 10 20 30 40° 50 60° 70° 
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where z is the angle of incidence and yu the index of re- 
fraction (assumed 1.5 in the calculation) while the full 
curve represents the results of observation. 
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It will be noted that in every case excepting F, there 
is a marked difference between the observed and the cal- 
culated values. This is most evident in the specimen al-. 
ready mentioned as the “‘brass beetle” (Plusiotis resplen- 


Fic. go 


dens) in Figure 89A in which the change of color is toward 
the red end of the spectrum with oblique incidence. 

Figure 89B is from the brilliant-orange throat 
feather of a Brazilian humming-bird. Figure 89C repre- 
sents the curves found in the coppery wing-case of a 
beetle. 
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Figure 89D shows the results for the “diamond” 
beetle. Figure 89£ illustrates the wide divergence in the. 
case of a green-winged butterfly. 


Fuehsine Diamond Green, 
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Figure 89F, in contrast with these, shows the close 
correspondence between the theoretical and the observed 
values for the opal. 

One of the most important characteristics of metallic 
reflection is the difference of phase, A, introduced between 
the components polarized in the plane of incidence, and 
perpendicular thereto. This is a function of the angle of 
incidence, as illustrated in the graphs reproduced in 
Figure 9o.7 

It will be noted that transparent substances are char- 


*Full curves; the dotted curves represent the ratio of the two 
components after reflection. 
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acterized by a very steep portion of the curve in the 
vicinity of the polarizing angle, whereas the steepness of 
curves for highly absorbing substances, notably metals, is 
much less. 


a 
i 


Gee, 
AINA Ff 


)_ ©) @ 


©) @® © © 
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These conclusions are justified also on theoretical 
grounds which give as a result 


dA _ sin J (2+tan? I) 
di K 


in which J is the angle of incidence corresponding to 
A=", and K the coefficient of absorption. The steepness 
2 


of the curve at this point is a measure of the transparency 
—or reciprocally, the absorption is inversely proportional 
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to = . In the case of substances such as the aniline dyes, 
t 


the absorption is intense for some colors, while for others 
they are almost perfectly transparent. For such we 
should expect a system of curves showing corresponding 
variations in . This anticipation is fully justified as 
shown in the graphs for fuchsine and diamond green 
(Fig. 89): the former showing “metallic” reflection ex- 
cept for red light for which it is as transparent as glass, 
and the latter showing intense opacity except for the 
blue green. 

If, however, the reflecting film is very thin (of the 
order of 1/10 of a light-wave) the curves are character- 
ized by an inversion as shown in the right-hand portion 
of Figure 91 for magenta. 

The curves on the left are those observed in the case 
of a “‘copper’’ beetle, and the resemblance is so close that 
there can be no doubt that in both cases the effective 
cause of the ‘‘metallic” color is a very thin layer with a 
large value of K except for yellow-green light which is 
freely transmitted. 

In every case thus far examined of ‘‘metallic” colors 
of feathers, butterfly scales, or beetle wing-cases the 
curves are of this character. 
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